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MPHTU 27.31.21
M.B. 2Kacwi6aeBa, I'H. HyrmanoBa

Eepasutickuti nayuorarvotul yrusepcumem um. JI.H. lymuasesa, Acmana, Kazaxcman
(E-mail: mzhassybaeva@yahoo.com)

CrnmHoBasi cucTemMa, YKBUBAJIEHTHAsI HUHTerpupyeMomy ypaBHeHuio Pokaca-Jlenaica

Annorammsa:  XopoIno u3BECTHO, YTO WHTErPUPYEMble HEJUHEHHbIe ypaBHEHHUS THUIIA
IIpemuurepa, Takme Kak KJjaccudeckoe uesuneiinoe ypasaenue Illpenunrepa, wennHeiHoe
ypasuenue [IIpeaunrepa mIpouw3BOMHOIO THUIA, UT'PAIOT BayKHYIO POJIb B M3YUYEHUHU PACIIPOCTPAHEHUE
BoJiH. HeaBHO B MOHO-MO/IE/ILHBIX ONITUYECKUX BOJIOKHAX ObLIIa IIPEJJI02KeHa HOBasI HHTErpUpyeMast
Mojiesib, HasbiBaeMast ypaHeHueM ®okaca-Jlenssnca (PJI). UnrepecHo, 4ro B omsimume OT
wesimaeiinoro ypasuenue Illpenunrepa ypasuenue @DPJI momyckaeT Kak spKHe, TaK U TEMHDBIE
COJTUTOHHBIE pellleHusI 0e3 M3MEHEHUs 3HAaKa HeJMHEHHOro wieHa. SIpkue COMUTOHHBIC PEIICHUs
ObLIM I[OCTPOEHBI O OWIMHEHHOMY MeTOmy XHUPOThI, & TEMHBIE COJUTOHHBIE DEIeHus ObLIu
IIOCTPOEHBI OUJIMHENHBIM METOJIOM XUPOTHI U 1O mpeobpazoBanmio Bekmnyana. Takum obpazom, ¢
ITOMOIIIHIO HAM U3BECTHBIX METOJIOB ITPEO0PA30BAHUA MOXKHO HANTH PA3IUIHbIE COJTUTOHHBIE PEITICHUS
ypaBuenune PJI. Jlyst 3TOr0 HEOOXOAMMO HEOOXOJIMMO TIIATEJIHLHO MPOAHAJIU3UPOBATH ypPaBHEHUE
®JI. B naunoii pabore HaiijieHa CIIMHOBasi cuCTeMa, KaJIubpoBaYHO SKBUBaJeHTHast (1+41)-MepHOMY
unterpupyemomy ypasuenuto Pokaca-Jlemasica. [Ipu srom mosydero mpescrasienue Jlakca st
91oit cucrembl. llosryaeHHblit pe3yabraT MOXKeT ObITh UCIOJIB30BAH JIJIsl TAJbHERIIEr0 NCCIeI0BaHUS
CIIUHOBBIX CHUCTEM.

KirovueBble cjioBa: CIOWHOBas CHCTEMa, SKBHUBAJIEHTHOCTH, KaJHMOPOBOTHOE MpeobpasoBaHme,
yCJI0BIE COBMECTHOCTH, pejcTasenne Jlakca, ypasauernue dokaca-Jlemssica.

Beegenune. UWarerpupyemoe 0b600ienune Hejmueitnoro ypasuenue lllpeaunrepa, mosydennoe
OUTraMuIBTOHOBBIME MeTofaMu B 1995 rogy PokacoM, BBITVISIAT CJIETYIOINTIM 06pa30M:

VYpasuenue (1) nassiBaercs ypaaennem QPoxaca-Jlemssuica (DJI), B koropom ¢ upencrasiisier

co0o#fl KOMILIEKCHYIO OOOJIOUKY IIOJIsl, HHJECKCHI & U ¢ 0003HAYAIOT YaCTHBIC IIPOU3BOJHDBIE
COOTBETCBEHHO, 110 API'yMEHTOM % U I, a U ¢ - KOMIIJIEKCHOE YUCJIO.

MoaudumupoBannasi ¢popma ypaBuenuss Pokaca-Jlemsmsica. VYpasuenne (1) MOxKHO
nepenucarh B MoaudunupoBanuoii ¢popme npu r = ¢* (* 03HaAYAET KOMIUIEKCHOE COIPSIYKEHIE)
B Bujie [2]

ot — Qo + 20z — Gzqr +ig = 0, (2)
ot — Tag — 2T +T2rg+ir = 0 (3)
JlakcoBas mapa cucrembl ypasuenuii (2)-(3) uMeer Bug
U, = U(z,t,\)Y, (4)
U, = V(o t, ) (5)

rae W(A) nHasbiBaercss COOCTBEHHO (DyHKIMEH COOCTBEHHOTO 3HAYEHUSI A, KOTOPOE SIBJISIETCS
M30CIEKTPAJIbHBIM [TAPAMETPOM, a MaTpudHble oneparopbl U u V' BBINVIAIAT Kak:

U(\) = —iX?o3 + \Q,

1 i
— )2
V(A) = =iXo3 + AQ + Vo + Xv—l EVAC
rje
53
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(0 @ iy iqr _ 1[0 ¢ (1 0
Q_<rx O>’ Vo = iog — 03, V1_2<—r O>’ 03—<0 _1>.

Hns Jlakcosoit napst (4)-(5) 3 cieyromniee ycioBue COBMECTHOCTH:

U -V +[UV]=0.
noygaeM ypasuenus @JI (2)-(3).

IIpencrasinenne Jlakca aJjist cnuHOBOI cucTeMbl. [Ijist TOro, YTOOBI MTOCTPOUTH CIIMHOBYIO
cucreMy, HeOOXOAMMO cHadajao Hafitu JlakcoBylo mnapy /i MCKOMOR cucrembl.  Haamem ¢
PacCMOTPEHUSI CIIEYIOMIEro KaanOpOBOIHOro peobpazoBanust |3]-|7]

®=g'0, g=U|\_y,,

e g(x,t) - yaurapHas 2 X 2 MaTPHUIA KATMOPOBOYHOIO MPeoOpPA3OBAHMS.
Haiinem mpousBoanbie oT BekTopHON dyuKImn P mo aprymenTtom x u t:

b = (97 —g gy )T =U'D, (6)
& = (67 —g g U =V'0. (7)
Boibepem yHuTApHYIO Marpuily ¢(x,t), yIOBIETBOPSIONLYIO COBMECTHOMN cUCTEMe ypaBHEHU
9z = Uog,
gt =Wy

e Up(z,t) m W(z,t) - aHTHIPMHUTOBBIE MATPHIIBI, KOTOPBIE YJIOBIETBOPSIOT YCJIOBUIO HYJIEBOM
KPUBHU3HBI B cucreMe ypasHenuit (4)-(5)

1 1

il 7

Uo(x,t) = =iXgos + 2@, W(w,t) = —idgos + 2@ + Vo + 5 g’
0 0

Baech Ag - koHcranTa. Orciona, ¢ yaeroMm (4)-(5) moaydaem, 9To

D, = (—i(A* = A)g tosg + (A — Xo)g ' Qg) @,

0 = (—i(A2 = X0)g osg + (A = do)g ™ Qg + <i - )\1> 9 Voig - % <A12 - ;) 91039> .
0 0
Ussectno, uto g lo3g = A, 31ech A - CIMHOBAs MATPHIA ABJAIONAECS MATPHIHLIM AHATOTAM
crmHoBoro BekTopa A = (A1, Ag, A3), KoTopas yaosiersopser yciopuio A% =1.
ITocsie HEKOTOPBIX CJIOKHBIX BBIYUCAEHHN W IIPeOOpPA30BAHUil, HAMH IOJIyYeHA CBIA3bL MEKLy
PEIIEHUSIME ICKOMO{1 CIIMHOBOI CHCTEMBI I CHCTEMBI ypaBHeHus (2) u (3) B CJIeLyIomeM B BUJIE:

Ao

1
~1 ~1
= AA,, 19 = —(AA; — AA,
97 Q9= 55 g Vag = o (A4 )
Teneps cucremy ypasaenusi (6) u (7) MoxkeM nepenucarhb Kak
D, = (—i(A2 = A2)A+ A= 2044,) a,
2o
. 1 1 A Ao o 1
= (—i(N-N+-—5-—51]4 — — —~ | AA, — — | AA; | ®.
! ( Z( 0T e 4)\(2)> +<2)\0 2A> +(2)\ 2) t)
Jist ymobeTBo:

o, =U®, (8)
o, =V'®, (9)

rue
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’

U = —i(AN2 = DA+ MAAI,
2X0

. 1 1 A Xo
Vi=—i (X=X + - — A+ = — ) 44,
! ( 0T e 4Ag> * (2)\0 2)\>

Taxum obpazom, moJryueHo HOBOe IpejicTasieHue Jlakca.

oo 1
292 ) 44,
+<2>\ 2) ’

CnuHoBasi cucrtema, 3KBuUBaJieHTHas ypaBHeHuro Pokaca-Jlenassca. IlepekpectHo
nuddepentupyst npejcrasienue Jlakca (8) u (9), moaydunm ycsioBue HyJieBoil KPUBU3HBI

U, ~V,+[U,V]=0

rIIe

/ 1/ A
U, = —i()\Q _ Ag)At + 5 (/\ — 1> (AtA, + AAy),
0
/ 1 1 )\ /\
(N2 2_7 L A0 2
)\0 1
gy — ) (Aede + Adr),
ro A A A 1
—_9:(\2 0 2y2 2y N0 1 N
(U V] = =200 = X (5 = 574 = 2007 = )5y = 5)40
A 1 1 1 A Ao 1

(5~ DO =R = i e 50 = DK ) (A — A

Ao

(10)

(11)

(12)

(13)

[Moxcrasnsist ypasuenusi (11)-(13) B ypasuenune (10), mOIydnM HCKOMYIO CIHMHOBYIO CHCTEMY B

cienyomeit popme:

i(1—4X3)
A A Ay — At + 222000 4,
At )\2[ o+ N3
B koMmnonenTax crumHoBO# MaTpUIlbl A BBIDISAIUTD KaK
i(1—4)03)
A A=A+ — A= AT — Ao At 4 As ATy L),
1A3¢ + 4)\2( + ) 4A8 3 )
- i(1—4X3)
A A" Agpy — A7 Age — A3AL A3 A, 714 = 0,
iy =5 )\2( 3 sot = As Ay + Asdy) + = N
i(1—4N3
1A+ + ?(A A3x1’ - A A3xt - A3A + AgA;_t) + (Z_LA?)O)A: — 0,
nJIN B KOMIIOHEHTaX CIIMHOBOI BeKTOpa A
A+ =5 (424 AgppAs) — —= (AgAsyy — A A)+(1_4)\%)A
1t 23xx — A2xx 413 23xt — A2xt413 3  “Alxz —
2)\2 2)\2 43
(-1
Ao + (AszAize — AszaAr) — (AzAizt — AsgrAr) + Ay =
2)\2 2)\2 403
(1—4X3)
Az + (A1Aogy — AlzzA2) — 7(A1A2wt — A1 Ag) + Az, =
2)\2 23 403

CrenoBarenbHo, BeKTOpHast hopma ypasHenust (14) nmeer By
At +BANA, +0ANAL +TAL, =0,

rae
1 1 (1—4X3)

6 = — 5 g = ) T =
203 203 403
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3akro4ueHue. B pabore paccmorpeno ypasuenue Pokaca-JleHssica, HHTEIPUPYEMOCTD
KOTOPOT'O OCYIIECTBJISIETCST JOIYIIIEHNEM JJIsl Hero mpejcTaBienus Jlakca. Mcxoms n3 mocsemmero,
MEeTOIOM KaJuOpPOBOYHOIrO Ipeobpa3oBaHue MOCTPOEHO HOBoe mpejcrasienue Jlakca. Ilo xomy
HUCCJIEJIOBAHUS ONpeEJieIeHa CBA3b MEXKJ/y PelIeHUsIMHM HU3BECTHOIO U HMCKOMOI'O HeJWHEHHbBIX
9BOJIIOIIMOHHBIX YPaBHEHUII. Ilosryuennoe w3 yCJIOBUUM COBMECTHOCTH, BBIBEJEHHOE HAMUI
npencTaBieHne Jlakca, HEIWHEHOTO 3BOIIONMOHHOTO ypPABHEHUWS €CTh Hallla WCKOMAs CIIMHOBAs
cucreMa, sKkBuBajieHTHas ypaBHeHus Pokaca-Jlemssuica. Ilomydennbie pesysibTarbl MOI'YT OBITDH
HUCIOJIb30BaHbl JJId JaJIbHEHIIEro MCCIIe/IOBAHUA CIMHOBLIX CHCTEM, HAaXOXKJIEHHd HUX TOYHBIX
perenuii, nmeromue Gpu3nIECKUe MPUITOKEHUS.
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UNnarerpanmanarein Pokac-JIeHa/1/I1CTHIH TeHAEYiHE SKBUBAJIEHTTI CIIMHIIK >Kyiie

Ansorauusi: Illpeaunrep THITI CHI3BIKTBI €MEC TEHJEYJIED, MBICAJIBI KJIACCUKAJIBIK ChI3BIKTHI emec llIpenunrep rTenpeyi,
TYBIHJIBIBI CBI3BIKTHI eMec IllpeanHrep TeHzeyi TOJKBIHIADIBIH Tapa/lyblH 3ePTTEY/le MaHbI3/Ibl POJI aTKapaTbIHbI OeJirii.
ZKybipma MOHO-MOZENII ONTUKAJNBIK TammbikTapia Poxac-Jlemsic (DJI) men arajaTblH KaHA HHTETPAJIAHATHIH MOJEH
yebiabAbl. By @JI Tenseyinin cb3blkThl eMec Illpenuurep TeHieyiMeH CaJIbICTBIPFaH/Ia ChI3BIKTHI €MeC MYIIEHIH TaHOAChIH
caKTail OTBIPBIN, AWKBIH 9Opi, KYHLIPT COJUTOHABI IIentiMi OGOJIATBIHIBIFBIMEH epeKInejgeHeai. AMNKBIH COJMTOH/BI IIEIiM
XupoTaHbIH OHCHI3BIKTHI 9JiCi apKbLIbI, &I KYHIIPT COJIMTOH/IbI IIenriM XUPOTaHbIH OUCHI3BIKTHI d1iciMeH »KoHe BeKIIyHAThIH
TYpaeHaipyi apkpuiel Tabbuigbl.  CombIMeH, 06i3re MousiMm TypaeHAipyiaepais omicrepi apkpuasl PJI Temmeyimiy op Typai
cosmMToHABI memiMaepin Tabyra Gonaznpl. Oxn ymin @JI Tengeyin MykuaT tangay »kacay Kepek. Byu xxywmbicra (14-1)-emmemui
uHTerpasganaTein Pokac-JIeHssic TeHeyiHe KaanOpOBTI KBUBAJIEHTTI ciuHIl »Kyile Tabbuiabl. COHBIMEH KaTap, OChbl XKyiie
yiuin Jlakc kepinHici aHBIKTAIAbI. AJIBIHFAH HOTHXKE CIIMHJIK KyHesepal apbl Kapail 3eprreyiepze Kolganyra 601abl.

Tvyiiin ce3nep: cuumHAiK XKyiie, SKBUBAJICHTTLIIK, KAJIMOPOBTI TYpJIeHAipy, coiikecTik mapTsl, Jlakc kepinici, Pokac-Jlenasic
TeHAeyi.

M.B. Zhassybayeva, G.N. Nugmanova
L.N. Gumilyov Eurasian National University, Astana, Kazakhstan

Spin system equivalent to the integrable Fokas-Lenells equation

Abstract: It is well known that integrable nonlinear Schodinger-type equations, such as the classical nonlinear Schodinger
equation, the nonlinear Schodinger equation of the derived type, play an important role in the study of wave propagation.
Recently, a new integrable model, called the Fokas-Lenells equation (FL), was proposed in mono-model optical fibers. It is
interesting that unlike the nonlinear Schodinger equation, the FL equation admits both bright and dark soliton solutions without
changing the sign of the nonlinear term. Bright soliton solutions were constructed using the Hirota bilinear method, and dark
soliton solutions were constructed by the Hirota bilinear method and the Bekllund transformation. Thus, using the well-known
transformation methods, we can find various soliton solutions of the FL equation. For this, it is necessary to carefully analyze the
FL equation. In this paper we find a spin system that is gauge-equivalent to the (1 + 1) -dimensional integrable Fokas-Lenells
equation. The Lax representation for this system is obtained. The result obtained can be used for further investigation of spin
systems.

Keywords: spin system, equivalence, gauge transformation, compatibility condition, Lax representation, Fokas-Lenells

equation]
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