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Abstract. We investigate the motion of massive test particles close to the
equatorial plane of a weakly deformed gq-metric spacetime. Working to first order
in the dimensionless quadrupole parameter q, we derive the orbital angular velocity
and the vertical epicyclic frequency for equatorial circular orbits while keeping the
physical monopole mass fixed. The Schwarzschild limit is recovered at q = 0, whereas
a nonzero quadrupole removes the degeneracy between the vertical and azimuthal
frequencies already at 0(q).

A small phenomenological damping term is then introduced into the linearized
vertical equation to describe the gradual approach of a perturbed orbit toward the
equatorial plane. In the conservative case, the particle continues to oscillate about
this plane without any decrease in amplitude. With damping, the amplitude decays
exponentially. The quadrupolar deformation changes the vertical oscillation frequency
and, consequently, the number of cycles completed before a specified settling thresh-
old is reached. It does not, however, set the decay timescale, which follows from the
adopted damping prescription. Since the coordinate-time damping coefficient is kept
fixed in our numerical examples, the trajectories share the same exponential envelope
but oscillate at different frequencies.

The comparison with the exact g-metric also provides a direct check of the
first-order approximation. Over the sampled domain |q| < 0.1 and 6 < r/M < 20, the
relative error in the vertical frequency remains below 0.34%, while the corresponding
frequency ratio is reproduced to better than 0.10%. These results show explicitly how
the quadrupolar geometry modifies vertical orbital dynamics within a model in which
dissipative settling is introduced independently.
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Vertical epicyclic stability and dissipative settling in a weakly deformed gq-metric spacetime

Introduction

The Schwarzschild solution provides the standard reference geometry for a static spherical source. Owing
to spherical symmetry, all orbital planes are equivalent, and the vertical epicyclic frequency of a circular orbit coin-
cides with its azimuthal frequency. A static quadrupolar deformation breaks this degeneracy without introducing
frame dragging. It therefore provides a useful setting in which the effects of nonsphericity can be separated from
those associated with rotation.

The g-metric, also known as the Zipoy-Voorhees or y-metric, is an exact static and axisymmetric vacuum
solution [1, 2]. In the convention adopted here, g=0 gives the Schwarzschild spacetime, whereas g#0 introduces
a mass quadrupole together with a modified higher-multipole structure [3, 4]. Its singularity structure, geodesic
motion, and circular-orbit properties have been studied in several contexts [5-9].

Epicyclic frequencies characterize the response of a circular geodesic to small radial or vertical perturba-
tions. They also enter particle-based models of oscillations in accretion discs and slender tori [10-17]. Beyond the
test-particle description, deformations of the central source can modify both the equilibrium structure of surrounding
relativistic fluids and the properties of thin accretion discs [18, 19]. More general relations between the spacetime
geometry, its multipole moments, and the epicyclic frequencies are known for broad classes of axisymmetric space-
times [20-22]. Geodesic observables have also been expressed directly in terms of multipole moments in extended
theories of gravity [23].

Exact orbital and epicyclic frequencies in the y-metric, together with their expansions around the Schwarzschild
limit, have already been obtained in Ref. [24]. We therefore do not claim a new derivation of the complete ex-
act-frequency structure. The contribution of the present work is instead fourfold. First, the linear corrections are
reformulated at fixed physical monopole mass M, rather than at fixed metric parameter m, thereby separating the
quadrupolar deformation from a simultaneous change in the monopole scale. Second, the ratio ./ is used as a
dimensionless and scale-independent measure of the quadrupole-induced splitting between the vertical and az-
imuthal frequencies. Third, the O(q) expressions are compared directly with the exact q-metric results, allowing
the accuracy domain of the linear approximation to be quantified for |q|<0.1 and 6<r/M<20. Finally, the resulting
vertical frequency is incorporated into a minimal weak-damping model that separates the geometrical modification
of the oscillation phase from the dissipative timescale governing the decay of the amplitude.

We assume |g|<«1 and retain terms through first order in g. The line element is

ds? = (1-2)[1+ qin(1-2)| ar?

r

—r? [1 —qln (1 — sz)] sin?0dg?

2m 2m |, m? . 5
—[1+QZT1(1—T)—ZCIlTl(].—T-Fr—ZS'lTl 9)] (1)
dr?
X |—zm +12d6%| + 0(q*)
T
We use the signature (+ — — —) and geometrized units G=c=1. Setting q=0 removes all deformation terms

and recovers the Schwarzschild line element in standard spherical coordinates. Throughout the paper, physical
shifts are measured relative to this spherical baseline. The exact g-metric is employed only to assess the truncation
error of the O(q) approximation.

A stable vertical perturbation does not by itself produce irreversible settling. In a conservative spacetime, a
particle displaced from the equatorial plane continues to oscillate about it. A gradual decrease in inclination requires
an additional interaction, such as drag from surrounding matter or radiation. To keep this dissipative input separate
from the geometric restoring force, we introduce a weak linear damping term rather than specifying a microscopic
mechanism. The g-metric then determines the vertical oscillation frequency, while the adopted damping coefficient
sets the decay timescale. More detailed covariant descriptions of radiation forces and drag are available [25, 26],
but require additional assumptions about the surrounding medium, radiation field, and relative motion that are
outside the scope of the present local analysis.
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Research Methodology

Weakly deformed q-metric

First-order metric and multipole moments
We use the short notation

2
f@) =1-=2,H(r,0) = f(r) + T sin0 @
To first order in g, the nonzero metric components are
gie = fA+qlnf) )
gw=—%(1+qlnf—2qlnH) (4)
Joog = —1*(A1+qinf —2qInH) (5)
9pp = —T*sin?0(1 —qlnf) (6)

Every product is understood consistently through O(q). Thus, after an intermediate calculation, all terms
proportional to g or higher must be discarded.
For the standard g-metric convention used in Refs. [3, 4], the first two nonzero mass moments are:

3
Mo =m(1+q),M; =="-q(L + )2 +q) ()
Their linearized forms are:

M=M,=m(+q)+0(q?,M, :—§m3q+0(q2) (8)

Thus g controls the leading departure from spherical symmetry, although it also changes the monopole
mass if the metric parameter m is held fixed.

Some papers use §=1+q or an opposite sign for the deformation parameter. We keep the convention in Eq.
(7) throughout.

The approximation is not uniform arbitrarily close to r=2m. Although qmay be small, terms such as q In f
grow when f—0. A practical condition is therefore:

lginf (")l < 1,lglnH (r,0)] <K 1 (9)

All plots and numerical examples must be restricted to a radial interval where these inequalities are satisfied.
This limitation is more informative than the statement |q|<1 alone.

Schwarzschild limit and physical mass
Setting in Egs. (3)-(6) gives

ds? = fdt? — dTrz —12d0?% — r?sin0dp> (10)

220 1\93(1 56)/ 2026 AH. Tymuaes arsingarst Eypasus yarreik yuusepenrerinis XABAPIIIBICEHL
Pusnka. ACTpPOHOMUS CePUACH
ISSN: 2616-6836. eISSN: 2663-1296



Vertical epicyclic stability and dissipative settling in a weakly deformed gq-metric spacetime

which is the Schwarzschild line element with mass parameter m. This check is also useful for finding missing
angular factors or inconsistent signs.

There are two possible comparisons. The first keeps mfixed and varies q. It is algebraically simple and will
be used for the derivations below. In that comparison, however, the physical mass M=m(1+q) changes along with
the quadrupole. The second comparison keeps M fixed. Then:

- M _ _ 2
m=r-=M1-q+0(q) (11)
Substituting Eq. (11) into a result obtained at fixed mseparates the deformation from a simple change of
the monopole scale. Numerical comparisons will therefore be presented in terms of r/M and M(Q,.

Equatorial circular geodesics
Conserved quantities
The particle Lagrangian is:

2L = gwx”x" (12)

where a dot denotes differentiation with respect to proper time 7. For a massive particle, 2L=1. Stationarity
and axial symmetry give two constants of motion,

E=gut,L =~y (13)

Here E and L are the specific energy and specific azimuthal angular momentum. Consequently,

M R
9ee’ ¢ Yoo (14)
On the equatorial plane, .
2
4 m
0 =73 Heq(r) = (1 B 7) (15)

Reflection symmetry ensures that an orbit initially tangent to this plane remains in it. For a circular orbit
at r=r,, we additionally impose r’=r"=0.
On the equatorial plane we define the positive functions:

AG) = gt (1.5),€0) = =g,y (r2) (16)

Then the normalization condition becomes
AtZ—C(p2 =1 (17)

Angular velocity
The radial geodesic equation for a circular orbit gives

A t?—Crp*=0 (18)

The angular velocity measured with respect to the coordinate time is therefore

2
d A
02 = (_‘P) —Ar _ _ Gur (19)
dt Cr Goor 0=1/2
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The four-velocity and the constants of motion can be written without first expanding in :
¢ 1

RNy wrrr (20)
A
E= A-Cn? (21)
L =2 (22)
VA-cn?

These expressions also state the timelike-existence condition

A—C0R*>0 (23)
First-order quadrupole corrections
For the metric in Eq. (1),

A=f(l+qlnf),C=r*(1—qlnf) (24)

Substitution into Eq. (19), followed by a consistent first-order expansion, gives

> =2{1+q[1+2mf+ 2|} +0(g» (25)
Equivalently,
0 =\/%{1+%[1+2lnf+r_"21m]}+0(q2) (26)

The correction contains logarithmic and rational terms. Far from the source it vanishes only after the
physical mass normalization is handled consistently. Indeed, at fixed physical mass one must use Eq. (11) before

interpreting the large-r limit.
The energy and angular momentum can be expanded just as directly. With u=m/r, one obtains

_ 1-2u q _ u(1-u) 2
E= m{1+2[ln(1 2u) + (1_2u)(1_3u)]}+0(q) 27)
N fy La[iu o 2 (28)
L _.JT:§E{1-+2[1_3u In(1 2u)]}+—0(q )

Both expressions reduce to their Schwarzschild values when g=0. They are also consistent with the timelike
condition in Eq. (23); the circular orbit becomes null when its denominator approaches zero.
Equations (25)-(28) were written at fixed m. For the comparison at fixed physical mass M, Eq. (11) gives,

to the same order,
2 M M 2 _ 2M
0 _;ﬁ+qPMF+:ﬁB+om)F_1—T- 29)

The constant term present in Eq. (25) disappears. This is the expected result: at large distance the leading

Keplerian frequency is governed by the same physical monopole mass for all curves.

Vertical epicyclic motion
Linearized vertical equation
Consider a small displacement from an equatorial circular orbit,

77.'
r=15,0=2+n(),InlK1 (30)
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Vertical epicyclic stability and dissipative settling in a weakly deformed gq-metric spacetime

At linear order we neglect coupling to a radial perturbation. This is the standard vertical epicyclic approx-
imation; it describes the initial response of a nearly equatorial orbit, not an arbitrary large-inclination trajectory.
The 0 Euler-Lagrange equation is

d ' 1 R (31)
= — = L —
= <9999) S Guv,exHx" =0
Reflection symmetry gives
guv,eln/Z =0
Expanding Eq. (31) to first order in gives
n+win=0 (32)
where the proper-time vertical frequency is
2 _ 1
Wy = ——\ Gt eet t 9y, 99<P (33)
To,7T/2

In the present metric g, is independent of 6, so only the azimuthal term contributes. Dividing by (u‘)? gives
the coordinate-time frequency:

02 = _ 99000 2 (34)
6 2900 To,7T/2
For Egs. (5) and (6),
Ipposl,, =2r*(1—qlinf) (35)
whereas
9606l /, = —r2[1+qinf —2qln Heq] (36)
It follows that
0% =0° [1 + 2q ln( )] + 0(q?) (37)
Using H€q=(1—m/r)2, the ratio becomes
1-
=1+4+2qln [(1 ;n/;) ] + 0(q?) (38)
Taking the positive root, 1
——1+qln[(1 ;n/;)]+0(q2) (39)

This compact expression is the main analytical result of the conservative part of the paper.
Combining Egs. (25) and (37) gives:

NG = {1 +q [1 +2InHeq +- ]} +0(q? (40)

At fixed physical mass, the corresponding expression is:

2
2 _ M ( _ M) 2 (41)
o5 =21+ qlam(1-4) + 2N+ o)
Vertical stability condition
The circular orbit is vertically stable when:
23(r0,q) > 0 (42)
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Within the first-order treatment this condition must be used together with Eq. (9). A formal sign change
obtained where the correction is as large as the zeroth-order term would lie outside the controlled perturbative
regime and should not be interpreted as a reliable instability boundary.

Forr>2m:

1- 2 2 43
(1-m/r)? _ L (43)

1-2m/r r(r-2m)

he logarithm in Eq. (39) is therefore positive. At fixed m and within the valid weak-deformation domain,
positive gincreases (0 /), while negative g decreases it. This statement concerns the ratio of frequencies and is not
affected by an overall rescaling of the mass.

Vertical stability is not the only requirement for a long-lived circular orbit. Radial stability must also be
checked. Since the present article focuses on vertical motion, we restrict the numerical examples to radii safely
outside the Schwarzschild marginally stable value and away from any perturbatively shifted radial boundary.

We therefore use r,=8M for the settling examples. The frequency curves begin at r=6M only to display the
radial trend; no claim about radial stability at every point of those curves is made here.

Quadrupole-induced frequency splitting
In Schwarzschild spacetime, spherical symmetry gives:

.Qg == .Q (4’4)

The q-deformation removes this degeneracy. Defining:

Ng—12
dg == (45)
we find:
_ (1-m/r)? 2 (46)
A@—qln[1 Zmr ]+O(q )
The related vertical-precession frequency may be defined as:
.va =0 -1y (47)
so that 0 (1—m/r)
““vp m/r 2
X0} —4 n[l 2m/r]+0(q ) (48)

There is no frame dragging in this static spacetime. The splitting in Eq. (48) is therefore caused by the
quadrupolar departure from spherical symmetry rather than by rotation.

In [M] _"™ . (m_3) (49)

1-2m/r T2 r3

At large radius,

and the relative splitting decays as gm?/r?. It is consequently a strong-field correction, although the first-or-
der metric must not be pushed too close to r=2m .

Validity of the first-order approximation

The Schwarzschild case g=0 remains the physical baseline for the frequency shift. The unexpanded q-metric
is introduced here only as an internal validation tool: it measures the error made by dropping 0(q?) and higher
terms without requiring an orbit integration.

For the exact g-metric, the equatorial components relevant here are

= f1+q; Cox = T.Zf—q (50)
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Vertical epicyclic stability and dissipative settling in a weakly deformed gq-metric spacetime

Equation (19) then gives

2 m(1+q) 2 r—2m
'Qex - f q

r3 r—(24+q)m (51)
The exact vertical-to-orbital ratio is
2+
03 ex — [(1—"1/7”)2]61( e (52)
0Nz, 1-2m/r

Expanding Eqgs. (51) and (52) around g=0reproduces Egs. (25) and (38). The exact expressions will only be
used to estimate the truncation error,
(53)

ex(r,q ,X € {.(2,.(29 %}

) — |X0(q)_Xex
Xex

This comparison does not change the perturbative character of the model, it simply shows where the
first-order formulas remain accurate.

For the numerical error estimates, the physical monopole mass M is held fixed. Accordingly, the metric
parameter entering the exact g-metric expressions is set to m=M/(1+q). The exact orbital frequency is evaluated
from Eq. (51), while the exact vertical frequency is obtained by combining Egs. (51) and (52). The first-order values
are calculated from the fixed-M expressions derived above. The tabulated percentage error is

g
X € {”9'3}

Table 1 reports this quantity for q=+0.10 at r/M=6,8, and 10. All digits displayed in the table are obtained
from the unrounded frequency values; rounding is applied only to the final percentages.

Xowy — X
€™ (r,q) = 100 I%

ex

Dissipative settling

Phenomenological damping model

The geodesic equation (32) conserves the vertical oscillation amplitude. To model weak energy loss, we
introduce a linear damping coefficient in proper time,

n+2rn+win=0,I >0 (>4)

This equation is phenomenological. It represents the local linear response of an unspecified dilute medium
or weak collisional process.

The displacement 11 is dimensionless, whereas I" has the dimension of inverse proper time. In geometrized
units, it therefore has the dimension of inverse length or inverse mass, and I'M is dimensionless. The coefficient
I' measures the local fractional decay rate of the oscillation amplitude per unit proper time. It is introduced inde-
pendently of the vacuum g-metric and is not derived from a specific microscopic interaction. The model may rep-
resent the leading linear response of a dilute medium, weak collisions, or a sufficiently weak radiation-drag force.
It is not intended as a complete model of an accretion disc.

The damping term can also be written using coordinate time when the background circular orbit is fixed.
Since , with constant at the reference orbit, Eq. (54) becomes

dt2 + 2]/ dt +Q977 - 0,)/ Tyt

The coordinate-time coefficient y has the dimension of inverse coordinate time, so that yM is dimensionless.
Equation (55) also distinguishes two physically different comparison prescriptions. If T is held fixed, all configu-
rations have the same decay envelope in proper time, A (t)=A, e, while the corresponding coordinate-time rate
y=I'/u'(r,q) varies with the gravitational redshift and therefore generally depends on r and q. If y is held fixed instead,

all trajectories have the same coordinate-time envelope, A__(t)=A, e™, but the associated proper-time coefficient

env
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I'=u'(r,q)y is not identical for different values of q. The numerical trajectories presented below use the second pre-
scription because they are compared at the same orbital radius in the observer’s coordinate time.

Analytical solution
For weak damping,
0<T <wg (56)

Mathematically, >0 and y=0. Oscillatory settling requires the underdamped conditions I'<w, and, equiva-
lently, y<Q,. The weak-damping regime considered here is more restrictive, I'/w,«<1, or y/Q,«1. In the numerical
examples, yM=0.002, while M€, ~0.043-0.045, giving y/,~0.044-0.046. The adopted value therefore lies safely
within the underdamped regime and produces several oscillation cycles before the amplitude reaches the specified
settling threshold.

The proper-time solution is

T](T) = Aoe—rfcos(a)d’[ + 50),0)d = /wg -T2 (57)

(58)

In coordinate time,

n(t) = Age " cos(Qqt + 69), 24 = |0F —¥?

The Schwarzschild conservative limit is recovered by setting g=0 and I'=0. Setting only I'=0 gives persistent
g-dependent vertical oscillations.

For completeness, critical damping occurs at I'=w,, while I'>w, gives overdamped motion. Those regimes
are not the main focus here because the assumed physical situation is weak dissipation over several orbital cycles.

Settling diagnostics
The phrase “settling time” needs a specified threshold. We apply that threshold to the oscillation envelope,
not to an instantaneous equatorial crossing. Thus, the particle is considered settled when

Aeny (1) = Aoe_rr <7y, 0< Ny < Ay (59)
The proper settling time is then
1 A
Tset = 71N (ﬁ) (60)

For a constant [ this time has no explicit q dependence. The result follows from the chosen damping law: I'
fixes the decay envelope, whereas the geometry fixes the oscillation frequency inside that envelope.
The quadrupole affects the number of vertical cycles completed before the threshold is reached. In the

weak-damping limit, N~ OaTser _ @4 4o
set 2m 2nr - \ny (61)
It is also useful to measure settling in orbital periods,
0t 0 A
N, =~ set — 2 1, (_o) (62)
21 2wy ng
The ratio Nset . 26
Norp N (63)
directly carries the quadrupole correction in Eq. (39).
Another simple diagnostic is the linearized vertical energy,
1. 5,1 92 5 (64)
Eg =-n" +Zwpn
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Vertical epicyclic stability and dissipative settling in a weakly deformed gq-metric spacetime

Equation (54) gives . )
d—f =-2I'n?<0 (65)

Thus w, (1,q) sets the restoring part of the motion, while I accounts for the irreversible loss of vertical energy.

Research Results

Numerical illustrations

Only a small set of plots is needed because the central results are analytical. We use the physical mass M as
the unit of length and time and take the symmetric weak-deformation sample

q € {—0.10,-0.05,0,0.05,0.10} (66)

over the interval 6 < r/M < 20. In this domain both logarithmic corrections in Eq. (9) remain small. The lower
boundary is not used as a claim about the perturbed ISCO, it only marks the beginning of the illustrative interval.
The damped trajectories below are evaluated at r,=8M , safely away from that boundary.

All numerical illustrations are obtained by direct evaluation of the analytical expressions; no numerical
integration of the geodesic or damped-oscillator equations is required. The physical monopole mass M is used as
the unit of length and time. In expressions that are already multiplied by q, m may consistently be replaced by M,
because the difference m-M=0(q) would contribute only at 0(q?). For comparisons with the exact g-metric, however,
we use the exact relation m=M/(1+q). Figures 1 and 2 are evaluated for q={-0.10,-0.05,0,0.05,0.10}, 6<r/M<20.

Figures 3 and 4 use the analytical solution (58) at r,=8M, with A0=0.05, 80=0, and yM=0.002, over 0<t/
M<1250. Figure 4 is constructed from the same trajectories using the analytically differentiated velocity dn/dt,
normalized by Q,(0)=£,(r,,q=0). The calculations and plotting were performed in Wolfram Mathematica using
machine-precision arithmetic.

The plotting routine used adaptive sampling of the closed analytical functions, with additional recursive
refinement in regions of appreciable curvature.

Figure 1 shows

Q¢

Z=1+qln[

a-m/r)? (67)
1-2m/r
as a function of r/M. It isolates the loss of spherical degeneracy without being dominated by the overall
Keplerian decrease of both frequencies.

Figure 1. Ratio as a function of for the weak-deformation sample in Eq. (66). The Schwarzschild curve is
the spherical baseline; positive and negative shift the ratio to opposite sides of unity.
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The second panel shows the normalized vertical-precession frequency £, /Q. We then compare 1(t) for
several values of qat fixed o= A0=0.05, 80=0, and yM=0.002. Here vy, rather than T, is deliberately heldfixed. All
trajectories therefore share the same coordinate-time envelope, while their accumulated phases differ. The final
panel shows the corresponding phase portrait.

Figure 2. Normalized vertical-precession frequency Q_vp/Q=(Q-Q,)/Q.
The splitting vanishes for q=0 and approaches zero at large radius.

Figure 3. Damped vertical displacement at r,=8M for yM=0.002, A =0.05,
and § =0. Holding y fixed gives the same exponential envelope for every g,
the deformation changes the phase accumulated inside that envelope.
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Vertical epicyclic stability and dissipative settling in a weakly deformed gq-metric spacetime

Figure 4. Phase portrait for the trajectories in Fig. 3. The vertical velocity is normalized by
Q,©=Q, (r,q=0) . The inward spirals show the loss of vertical energy in the
phenomenological damping model.

Table 1 compares the first-order and exact formulas at the ends of the chosen deformation interval. The
largest error in £, is about 0.33% and occurs for g=-0.1 at r=6M. The ratio /€, which is the main frequency diag-
nostic, is more accurate and differs from the exact value by less than 0.10% in the same sample.

Table 1. Relative error of the first-order expressions with respect to the exact q-metric at fixed
physical mass . Errors are given in percent.

q r/M €0, €Eng/n
-0.10 6 0.332 0.095
-0.10 8 0.247 0.044
-0.10 10 0.193 0.025
0.10 0.284 0.067
0.10 0.208 0.032
0.10 10 0.162 0.019

For the fixed-vy illustration, the envelope reaches nf:0.00S att_=1151.29M. This time is common to all
curves because their coordinate-time decay law is the same. The number of vertical cycles is not: it decreases from
8.237 at g=-0.10 to 7.939 at q = 0.10. This small difference is the accumulated effect of the quadrupole-induced
frequency shift.

Table 2. Frequency and settling diagnostics at r =8M for yM=0.002, 4 =0.05, and 1~=0.005.

q MQ MQ, N,
-0.10 0.045088 0.044999 8.237
-0.05 0.044643 0.044598 8.164
0 0.044194 0.044194 8.090
0.05 0.043740 0.043786 8.015
0.10 0.043282 0.043375 7.939
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Discussion and conclusions

We have examined vertical motion near equatorial circular orbits in the g-metric, working to first order
in the deformation parameter. The spherical case q=0 serves as the physical reference throughout, while the exact
g-metric is used to assess the accuracy of the linear approximation. The main conservative result is Eq. (39), which
describes the 0(q) splitting between the vertical epicyclic and orbital frequencies at fixed physical monopole mass.

With the convention adopted here, the sign of the shift is determined by the logarithmic term in Eq. (39).
This term is positive for r > 2Zm , so that positive q increases (2 /, while negative q decreases it. In the far-field
limit, the splitting falls off as gm?/r? and becomes small. The first-order expansion is not reliable arbitrarily close to
r = 2m, however, because the logarithmic corrections cease to be perturbative there.

A stable vertical perturbation remains oscillatory in the conservative system; the quadrupolar geometry
alone does not cause the orbit to settle onto the equatorial plane. Irreversible decay appears only after the phe-
nomenological damping term is added. For a constant proper-time damping coefficient, the amplitude decays at
the corresponding proper-time rate. In the numerical examples, we instead hold the coordinate-time coefficient y
fixed. The resulting trajectories therefore have the same coordinate-time decay envelope, although their oscillation
frequencies differ.

The deformation consequently changes the phase accumulation and the number of vertical cycles complet-
ed before a prescribed near-equatorial threshold is reached. It does not alter the imposed exponential envelope at
fixed y. This distinction is important: the g-metric supplies the restoring frequency, whereas dissipation enters as
a separate physical assumption.

The analysis is deliberately local and has several limitations. The damping law is phenomenological, radial
motion is frozen at linear order, and the exterior g-metric is not matched to a particular material source. The model
therefore does not describe the formation of an accretion disc or a self-gravitating ring. In a more realistic setting, the
drag coefficient would depend on the properties of the surrounding medium and on the particle’s relative velocity.
Allowing simultaneous radial drift would also make the vertical frequency evolve along the trajectory, changing
both the decay history and the accumulated phase.

A medium-specific drag law would generally replace the constant coefficient by a function such asI'=I'(,q,p,v,,...),
where p and vrel characterize the local medium and the particle’s motion relative to it. The decay envelope would
then be determined by A_ (1)=A, e'®@%, and the settling condition would become J; I'(X)dr = In(4a/1y). Consequently,
the settling time could acquire an additional dependence on q through the gravitational redshift, the orbital velocity,
the properties of the surrounding medium, or a simultaneous radial drift. Such model-dependent effects are inten-
tionally excluded from the present minimal treatment, in which the geometrical frequency shift is isolated from the
independently prescribed damping rate.

General curvature-based relations for epicyclic frequencies are already known [20, 21], and exact frequency
expressions for the y-metric have been reported previously. The present calculation adds a fixed-physical-mass
form of the weak-deformation frequency shift, identifies ,/Q as a scale-independent measure of the splitting, and
tests the accuracy of the O(q)approximation directly against the exact g-metric. It also shows how this conservative
shift enters the settling diagnostics of Egs. (61)-(63). At the points sampled in Table 1, the differences between the
linear and exact results remain within the reported bounds.

These first-order expressions provide a useful reference for weakly deformed g-metric configurations.
A natural extension would be to replace the constant damping coefficient by a drag law derived from a specified
matter or radiation environment and to evolve the radial and vertical motions simultaneously.
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9JICi3 AedpopMalUs/IaHFaH -MeTPHKa KEHiCTiK-yaKbIThIHAAFbl BEpTUKAJIb 3MUIMKIAIK
OPHBIKTBLIBIK, )K9HEe JUCCUIIATUBTIK OPHBIFY

Anjparna. bi3 aJici3 fepopmanusianFaH q-MeTpUKa KeHiCTiK-yaKbIThIHBIH 3KBATOPJIBIK, )Ka3bIKThIFbIHA
»KaKbIH allMaKTa¥Fbl Maccasibl CbIHAK OeJILIeKTePiHiH KO3FaIbIChIH 3epTTeNMi3. OJi1eMci3 KBaJpynoJib apaMeTpi
6oMbIHILIA GipiHILI PeTTIK XKybIKTayZa )KYMbIC iCTEN OTBIPbIN XoHe GU3UKaIbIK MOHONOJIb/AIK MacCaHbl TYPAKThI
caKTal OTBIPBII, 3KBATOPJIBIK [IeH6ePJIiK opOUTaIap YIIiH OpOUTAJIBIK 6YPHIITHIK KbLIJaMbIK [TIeH BEPTHKAJb
SMULUKILIK XKUIIIKTI KOPBITHII WIbIFapaMbl3. Ke3iHge llIBapuniab weri KajanblHa Kesefi, ajl HeJl[eH e3relie
KBa/IpyIoJib BEPTUKaJb XK9HEe a3UMYTThIK KUIJIIKTep apacblHAAFbl leTeHepaldsHbl JleHreHiHiH 63iH/e X0 /bl.

OjfiaH KeHiH aybITKbIFAaH OPOUTAHBIH 9KBATOPJIBIK Ka3bIKThIKKA GipTiH/EN KaKbIH/IAaybIH CUIIATTAY
YILIiH ChI3bIKTaHABIPbLIFAH BePTUKAJIb TeHJeyTe aFblH GeHOMEHOJIOTHUSIBIK JeMIipupJiey Mylleci eHrizineni.
KoHcepBaTHBTIK aFan/ja 66JIIIeK 0ChI )Ka3bIKTBIKThIH MaHbIH/Ia AMIJIUTY/AChl KeMiMel Tep6esTyiH KalFacThIpajbl.
JeMndupsiey 60FaH Ke3/je aMIJIMTY/Ia IKCIOHEHIMANIbI TYpAe KeMui. KBaapynosb/ik fedopManys BepTHKaIb
TepO6eJlic XKUIJIITiH 2KoHe COHBIH, ca/llapblHAaH 6episireH OpHBIFY lIeriHe XKeTKeHTe AeliH OpbIHAAMATbIH UKIIAED
CaHbBIH e3repTe/i. Asaii/ia 0J1 COHY/IiH YaKbIT MaclITaObIH aHbIKTAMaW/Ibl, M TKEeHi OYJ MaciTab KaOblIJaHFaH
JeMroupJiey TaCIiHeH TybIHAAUABL. Bi3aiH caHbIK MblcasJapbIMbI3/la KOOPAUHATAJBIK YaKbIT 6OUBIHIIA
Jemndupiaey Ko3poUUeHTi TYpaKThl CaKTaJFaHAbIKTaH, TPAeKTOPUIAP/bIH 3KCIIOHEHI[UAJIIbIK, OpayIIbIChI
6ipzel, 6ipak osapAblH Tepbeic )uinikTepi apTypJi 601351

Ja1 q-MeTpHUKaMeH casbICThIPY GipiHLII PETTIiK XKybIKTay/ibl TiKeJIel TeKcepyTe /e MyMKiH/IiK Gepei.
KapacTbIpbLIFaH XoHe aliMaFblH/|a BEPTUKaJb XKUIMIKTiH canblcThipMasbl KaTeiri 0.34%-aH acnaiifibl, an cokec
*uinikTep KaTbiHackl 0.10%-/1aH TeMeH KaTesliKieH 6episeni. By HoTHXKeiep UCCUTIATUBTIK OPHBIFY TayeJici3
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TYp/le eHTi31/ITeH Mo/iesIb asiChbIH/Ia KBA/[PYIIOJIb/[iK TeOMETPHUSHbIH BepTHKaAIb OPOUTAJBIK JUHAMHUKAHbI KaJal
e3repTeTiHiH allKbIH KepceTe/.

TyiiiH ce3aep: q-MeTpHUKa; KBaAPyHoJabAik JedopMalus; meHOep lik reo/je3us/blK 0poUTasap; BepTHKAIb
AMULUKJAIK XUIIIK; JUCCUNIATUBTIK OPHBIFY.
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BepTuka/ibHasI 3SNULUKIAYECKAsA YCTONYUBOCTD U AUCCUNIATUBHOE OCEJaHUE B MPOCTPAHCTBE-BPEMEHH
€J1a60 AepOpMUPOBAHHOU -MEeTPUKH

AHHOTanus. B 1aHHO# pa6oTe uccieyeTcs JBUXKEHHE MACCUBHBIX POOGHBIX YACTHI] BOJIM3U 9KBATOPUAILHON
MJIOCKOCTH IPOCTPAHCTBA-BpeMeHH cJ1a6o epopMUPOBAHHON (-MeTPUKH. B npubImxeHUn mepBoTo NopsiZiKa no
6e3pa3MepHOMY KBapyIOJbHOMY TapaMeTpy , IPU COXpaHeHUH GUKCUPOBAHHON GHU3NYeCKON MOHOMOJIBHOM MacChl,
BBIBOZSITCS OpOUTA/IbHASA YIVIOBAsi CKOPOCTh M BepTUKaJIbHAs AMUIMKJINYeCcKas 4acTOTa /Il 3KBaTOPHUa/IbHbBIX
KpyroBbIX op6uUT. [Ipu BoccTaHaBiuBaeTcs npejest llIBapuimnib/ia, Toria Kak HeHyJIeBOW KBaApyIOJib yCTPaHSeT
BBIPOXKEHHE MEX/y BepTUKAJIbHON U a3UMYTaJbHOU 4YaCTOTAMU YKe B OPSJKE .

3aTeM B JIMHeap1U30BaHHOE ypaBHEHUE BEPTUKAJIbLHOTO JABUXKEHUS BBOAUTCS MaJIblii peHOMEHOJIOTMYeCKUi
YJIEeH 3aTyXaHHUs, IpelHa3HAaYeHHBIN AJIs1 ONMHUCAHUS IOCTEINEHHOTO MPUOJIMKEHHUS BO3MYIIEHHOU OPOUTHI K
3KBAaTOPHAbHOM MJIOCKOCTH. B KOHCEPBATHBHOM C/lyyae 4acTHUIA IPO/[0/HKAET COBEPIIATh KOJIeOaHUS OTHOCUTEBHO
3TOU MJIOCKOCTU 6€3 YMEHbIIeHUs] aMIIUTY/bL. [[py HAIMYKHY 3aTyXaHUS aMILIUTY/[a YMEHbIIAETCs 3KCIOHEHIIMAIbHO.
KBazpynosibHas fepopManusi U3MeHsieT YaCTOTY BEPTHUKAJIbHbBIX KOJIe6aHUHN U, C/Ie0BAaTENbHO, KOJTHYECTBO
IIMKJIOB, COBEPIaeMbIX [0 JOCTHKEHHS 3aJIaHHOTO Mopora ocelaHusa. OTHAKO OHA He ompejiesisieT BpeMeHHOU
MacuTab 3aTyxaHuUsl, KOTOPbIN 33JJaéTCs MPUHATOU MO/ieJbio ieMnipupoBaHus. [I0CKOJIbKY B YHUC/IEHHBIX TPUMEPAX
K03 dUIMEeHT AeMIIGUPOBAHUSA 10 KOOPAUHATHOMY BpeMEHHU COXPAHSAETCA MOCTOSIHHBIM, TPAEKTOPHUU UMEIOT
0/IMHAKOBYIO 3KCIIOHEHIIMAJbHYI0 OTH6A0LIYI0, HO KOJIEGII0TCS C PAa3JIMYHBIMU YaCTOTAMHU.

CpaBHeHHe C TOUHOU (-MeTPUKOH TaKKe 06ecredruBaeT HENOCPEACTBEHHYIO NPOBEPKY MPUOIHUKEHUS
nepBOro nopsifika. B uccjsieoBaHHOM 06J1aCTH U OTHOCUTEJIbHASA MOTPEIIHOCTb BEPTUKAIBbHON YaCTOThI OCTAET-
cs1 Huke 0.34%, Torza Kak COOTBETCTBYIOILlee OTHOIIEHHEe YaCTOT BOCIIPOU3BOAUTCSA € TOUHOCTBIO Jiydlie 0.10%.
[ToslyueHHbIe pe3yJIbTaThl HAIVISA/HO MOKA3bIBAIOT, KAKUM 00pa30M KBa/IpyNoJibHasl FeOMeTPHsI U3MEHSIET BepTH-
KaJIbHYI0 OPOUTA/IBHYI0 AUHAMUKY B paMKaX MOJIEJIH, B KOTOPOU JUCCUTIATUBHOE OCeJlaHKe BBOJUTCS HE3aBUCUMO.

KiroueBsble cj10Ba: q-MeTpHUKa; KBaIpynoJibHas edopMalusi; KpyroBble reofie3ndecKre OpoUThI; Bep-
THUKaJibHasl AMUIUMKINYECcKasl Y4acToTa; AUCCUIIAaTHUBHOE OceZjaHue.
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