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Abstract. In this paper, we explore the pre-inflationary evolution of the universe
driven by a logarithmic potential in the context of Loop Quantum Cosmology.
Our analysis focuses on identifying the physically admissible initial conditions
for the inflaton field that result in a successful phase of slow-roll inflation.
We also evaluate the corresponding number of e-folds and examine their
consistency with current observational bounds. When the kinetic energy of the
inflaton dominates at the initial stage, the cosmic evolution prior to reheating
naturally separates into three successive phases: the bouncing phase, the
transition phase, and the slow-roll inflationary phase. Throughout the bouncing
phase, the dynamics of the scale factor are largely insensitive to both the chosen
initial conditions and the detailed structure of the inflationary potential. In this
regime, the evolution admits an explicit analytical solution, providing a clear
and model-independent description of the background behavior before the
onset of inflation. In this model, the quantum bounce is governed entirely by
kinetic energy, since potential energy-dominated initial conditions cannot be
realized over the full range of inflaton field.

Keywords: Big Bang Singularity, Quantum Bounce, Inflation, Loop Quantum
Cosmology.

Introduction

The theory of cosmic inflation is a cornerstone of modern cosmology, providing a
compelling explanation for several fundamental puzzles associated with the early universe.
First proposed in the early 1980s by Alan Guth and others, inflation refers to a brief epoch
of cosmic acceleration, nearly exponential expansion that occurred roughly between 10-36
and 10-32 seconds after the Big Bang. During this phase, the dynamics were driven by a high-
energy scalar field known as the inflaton, whose potential energy temporarily dominated the
total energy density of the universe, causing rapid expansion. Before the onset of inflation,
regions that are now widely separated were causally connected, allowing them to achieve
thermal equilibrium. The subsequent accelerated expansion stretched these regions far
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beyond each other’s horizons, thereby explaining the remarkable isotropy of the cosmic
microwave background (CMB). In this way, inflation successfully resolves the horizon and
flatness problems of the standard cosmological model. Moreover, quantum fluctuations of the
inflaton field provide the seeds for primordial density perturbations, which later evolved into
the large-scale structure of the universe [1,2]. Over the years, a wide variety of inflationary
models have been developed and confronted with observational data. In single-field inflation,
the quadratic potential has been strongly disfavored relative to Starobinsky model, as
indicated by the 2018 results of the Planck Collaboration [3]. In this paper, we numerically
investigate the dynamics of the loop inflation using the corresponding background equations.

Despite its successes, inflation within the framework of classical General Relativity (GR)
inevitably encounters the Big Bang singularity, where physical quantities such as curvature
and energy density diverge [4,5]. Consequently, inflationary spacetimes remain geodesically
incomplete in the past. An appealing resolution to this problem is provided by Loop Quantum
Cosmology (LQC), in which the classical singularity is replaced by a non-singular quantum
bounce [6-8]. LQC is derived from Loop Quantum Gravity (LQG), a background-independent
approach to quantizing spacetime. In LQG, geometry is fundamentally discrete and described
in terms of spin networks, implying that space itself has an underlying lattice-like structure at
the Planck scale. When these principles are applied to homogeneousand isotropic cosmological
settings, the resulting quantum corrections modify the classical Friedmann equations at high
densities. As a consequence, instead of diverging to infinity, the energy density reaches a
maximum finite value, leading to a quantum bounce that connects a contracting phase to
the present expanding universe. This resolution of the initial singularity addresses one of
the most profound shortcomings of classical cosmology. Furthermore, LQC makes distinctive
predictions for the early-universe dynamics at high curvature scales, which may be tested
through precise measurements of the CMB and primordial gravitational waves. Remarkably, it
has been shown that the post-bounce evolution in LQC naturally gives rise to a phase of slow-
roll inflation for a broad range of initial conditions [9-17]. To investigate the pre-inflationary
dynamics and cosmological perturbations, two principal approaches are commonly employed:
the dressed metric approach and the deformed algebra approach. However, when attention
is restricted to the background evolution of the universe, both frameworks yield the same
set of dynamical equations. Consequently, the results presented in this paper are applicable
to either approach. A similar analysis can also be extended to other inflationary models.
Nevertheless, the main conclusions derived here are expected to remain valid in other models
as well, at least in cases where the early evolution of the universe is dominated by the Kkinetic
energy of the inflaton field.

Loop Quantum Cosmology and the Quantum Bounce

In standard cosmology, the Big Bang is typically associated with a spacetime singularity—a
state at which the energy density and curvature diverge, causing the classical equations of GR
to lose their validity. Loop Quantum Cosmology introduces quantum geometric corrections to
the Einstein field equations of General Relativity, thereby altering the high-energy behavior of
the universe. As a consequence, the Friedmann equations are modified to incorporate these
quantum effects [18,19].
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The correction term p (1 — ﬁ) encodes the quantum geometric effects that become
Pc

dominant at high energy densities. This modification prevents the divergence of physical
quantities by ensuring that the energy density never exceeds the critical value p_[20,21]. As
p approaches p , the expansion rate gradually decreases and eventually vanishes, resulting in
a non-singular quantum bounce instead of a classical singularity. Consequently, the universe
transitions smoothly from a contracting phase to an expanding one. The modified Friedmann
equation in LQC therefore establishes a consistent connection between classical cosmological
dynamics and the underlying quantum description of spacetime. The Klein-Gordon equation
remains the same as in GR.
av(¢)

¢ + 3H ¢ +— 7 = 0. )

From Eq. (1), it follows that the Hubble parameter (H) vanishes when the energy density
reaches the critical value p=p_. This condition signals the occurrence of the quantum bounce. In
the following, we investigate both the bouncing phase and the subsequent slow-roll inflation
for the potential of the form given below.

The flatness of an inflationary potential is generally modified by radiative corrections. At
one-loop order, these corrections typically appear in the form of a logarithmic term, In(¢$/u),
where pdenotes the renormalization scale. Even if one begins with an exactly flat potential, the
inclusion of quantum effects leads to the emergence of a logarithmic potential. Investigating
such potentials, therefore, provides a straightforward framework for understanding under
what conditions quantum corrections spoil the flatness of the potential and the mechanism
by which this occurs. Let us now consider the slow-roll analysis of loop inflation. The
corresponding potential is given by

V(g) = Vo (1+aln mip,) 3)

where o is a dimensionless parameter that can take either positive or negative values. In this
work, we shall use a=1 and V =1.12436*10"* m,*, see Appendix of Ref. [16]. At the bounce,

Pl’

we have
_ P=P.
1 4
5¢2(t3)+V(¢(tB)) = Pc (4)
a(tB) =0
This implies that
Ptp) = iJZ (pc - V(d)(tg))) (5)
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a(tg) =1

Here after, we shall read ¢(tg), ¢ (tp) and a(tp) as ¢y, P and ap in the article. We
introduce the key parameters that will be employed throughout the analysis.

(i) Equation of State: The equation of state (EoS) parameter for the scalar field is defined
as

b2 2-V
w(p) =2 [2-V(@) _
$2/2+V()

—1,in the slow-roll phase  (6)

To classify the nature of the initial conditions at the bounce, we evaluate w(¢) at p=¢s.
Accordingly, we consider two types of initial conditions:

¢ Kinetic Energy Dominated (KED): w(¢z)>0

¢ Potential Energy Dominated (PED): w(¢s)<0
At the quantum bounce, the scale factor is fixed to ag=1. However, the value of w(¢s)
distinguishes the two scenarios: it is positive for KED initial conditions and negative for
PED initial conditions.

(ii) Slow-Roll Parameter: The Hubble slow-roll parameter €y is defined as

€y = — % « 1,in the slow-roll phase (7)

(iii) Number of e-Folds: The number of e-folds generated during inflation is given by
Ninf= Log (@enda/ai) (8)

This quantity measures the total amount of accelerated expansion during inflation.
(iv) Analytical Scale Factor in the Bouncing Regime: In the vicinity of the bounce, the
analytical form of the scale factor is given by

,\1/6
a(t) = ag (1+6;—1%1) 9)

where ap=a(ts), § is a dimensionless parameter, and tp, denotes the Planck time. We
numerically solve the modified Friedmann equation (1) and the Klein-Gordon equation (2)
together with the chosen potential (3). At the bounce, we examine only positive inflaton

velocity (PIV) ¢ 5> 0. However, one can also perform similar analysis for negative inflaton

velocity (NIV). ¢, < OThe initial scalar field configurations are categorized into KED and
PED cases. Let us analyze the case of PIV for both KED and PED initial conditions. The
numerical evolution of the scale factor a(t), the EoS parameter w(¢), and the slow-roll
parameter ey for various values of ¢p are illustrated in Fig. 1. First, we investigate the KED
initial conditions of inflaton field. In the bouncing regime, the evolution of a(t) is largely
independent of the specific choice of ¢ and closely follows the analytical solution (7). During
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the slow-roll phase, the scale factor exhibits exponential growth. The numerical evolution
can be clearly divided into three stages:

1. Bouncing phase: w(¢)x+1

2. Transition phase: w(¢) evolves from +1 to -1

3. Slow-roll phase: w(¢$)x-1
Furthermore, we compute the number of e-folds Nixs for different values of ¢g and the
results are summarized in Table 1. According to the 2018 results of the Planck
Collaboration, a successful inflationary scenario requires at least 60 e-folds. This
observational constraint places bounds on the allowed range of the initial field value ¢s.
The values of the number of e-folds Nixrf are summarized in Table 1. It is evident that Nins
increases with increasing initial field value ¢s. Similar trends have been reported in
previous studies. We now turn to the PED initial conditions; in this case, the initial
conditions at the bounce are governed solely by kinetic energy, since PED initial conditions
do not arise at any stage of the bouncing phase. Similar conclusions were reported for the
T-model in Ref. [16]. Hence, the PED initial conditions of inflaton field cannot be imposed
across the entire range of ¢s.

10°

I
Pp=1 mp, I
10 p
5 @s=10 mp, M
lUUU; _____ dp=50 mp ;-":_ B
E " "' ;i ‘..__‘,.--"'
‘;-_‘: l'[:'U' e s Analﬂlcﬂ ‘f_;-""
10} e
lf"'#
0.1° =
Iy 1 100 10* 10°
t/Ipy

Figure 1. The figure illustrates the evolution of a(t) for different KED initial
conditions at the bounce. The analytical solution for a(t) is also shown to enable a
direct comparison with the numerical results. In this scenario, the evolution of a(t)
exhibits universal behavior.
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Figure 2. The figure exhibits the evolution of w(¢) for various KED initial
conditions at the bounce. We observe that the evolution of the universe can be
divided into three distinct phases:

the bouncing phase, the transition phase, and the slow-roll phase.
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Figure 3. This figure represents the evolution of €y for different KED initial
conditions at the bounce.
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Table 1. Inflationary parameters for the potential (3) with ¢ 5> 0.

$s/mp Inflation t/tel €y w(d) Ninf

0.5 Start 91045.7 0.92 -1/3
Slow-roll 376311 0.00014 -1 45.55

End 1.0747*107 0.28 -1/3

1.0 Start 82205.7 1.0 -1/3
Slow-roll 381749 0.000018 -1 60.13

End 5.8796*107 0.33 -1/3

2.0 Start 79532.6 1.0 -1/3
Slow-roll 386300 0.00019 -1 62.23

End 1.0362*107 0.22 -1/3

Conclusions

In this work, we have investigated the pre-inflationary dynamics associated with the
potential introduced in Eq. (3) within the framework of LQC. Our analysis shows that, for KED
initial conditions of the inflaton field at the bounce, the cosmic evolution naturally divides
into three well-defined stages: the bouncing phase, the transition phase, and the slow-roll
inflationary phase. During the bouncing regime, the scale factor a(t) displays a universal
behavior that remains largely insensitive to a broad range of initial values of ¢ B, as well as to
the detailed form of the inflationary potential. This universality is a distinctive feature of LQC
when the kinetic energy dominates at the bounce. The numerical solutions for a(t) are found to
be in excellent agreement with the analytical expression provided in Eq. (7), as demonstrated
in Fig. 1. In this phase, the EoS parameter satisfies w(¢$)x+1, confirming that the dynamics
are indeed governed by the kinetic term of the inflaton field. As the evolution proceeds, the
universe enters a brief transition phase characterized by a rapid change in the EoS parameter
from +1 to -1. This intermediate stage is considerably shorter in duration compared with
both the bouncing and the subsequent slow-roll phases. Despite its short timescale, it plays a
crucial role in connecting the kinetic energy-dominated bounce to the inflationary attractor
solution. Following the transition, the universe moves into an accelerating regime. At the
beginning of this stage, the slow-roll parameter is relatively large, reflecting the residual effects
of the preceding dynamics. However, it quickly decreases and approaches a value close to
zero, indicating that the system is settling into the slow-roll inflationary phase. This behavior
is clearly illustrated in Figures 2 and 3. The total number of e-folds Ninf generated during
the slow-roll period has been computed for various initial conditions and is summarized in
Table 1. The results confirm that a sufficient number of e-folds can be achieved for a suitable
range of ¢B, consistent with observational requirements. We also examined the scenario
corresponding to PED initial conditions. Interestingly, even in this case, the dynamics at the
bounce are effectively controlled by the kinetic energy of the inflaton. In other words, PED
conditions do not genuinely arise during the bouncing phase, as the kinetic term inevitably
dominates the energy density at that stage. Similar findings were reported for the T-model
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in Ref. [16]. Consequently, PED initial conditions for the inflaton field cannot be consistently
implemented across the entire range of ¢B, reinforcing the robustness of the KED bounce in
this framework.
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KBaHTTBIK ceKipy Ke3iHaeri MHQIANUAIBIK 6PiCTiH 6acTanKbl MIapTTapbl

Anparna. byn Makanaza UUKJAAIK KBaHTTBIK KOCMOJIOTHSI KOHTEKCiHJe Jiorapudmaik
MOTeHI[MaJIMeH 0acKapblIATbIH 9JIeMHiH MHOQJIANUAFA AeHiHTi 3BOIONUACHIH 3epTTeiMi3. biziH
Ta/laybIMbI3 6as1y joMasiay UHOJISALUSCbIHBIH COTTi Ga3achiHa 9KeJIeTiH ypJiey epici yuliH Gu3uKanabIK
TYPFbIJIaH PYKCAT eTiJireH 6acTankbl »KaFgaljap/bl aHbIKTayFa 6GarbITTasfaH. CoOHZAN-aK THiCTi
3JIEKTPOH/AbI KaTNapJap CaHbIH 6aFaaiiMbl3 XKaHe 0J1ap/iblH aFbIM/IaFbl GaKblaay lieKapajapbiMeH
coUKecTiriH Tekcepemi3. WHOIAIUMAHBIH, KUHETUKAJIBIK 3HEPTHsAChl GacTanKbl Ke3eHJle 06acbIM
O60JIFaH Ke3Jle, KaillTa KbI3JbIpyFa AeMiHTi FapbIIITHIK 3BOJIIOIUS YII Ke3eHHEH TyYpajbl: ceKipy
da3zacel, eTnesi ¢asa xoHe 6asgy jgomasiay uHPJsAnus ¢daszacel. Cekipy ¢asacbl 60Wbl MacimTabd
baKTOpPBbIHBIH JIUHAMUKACKI TaHJa/JIFaH 6acTanKbl XKaFqalaapra /1a, UHQISLUSIBIK MOTeHIUabIH
erked-Terkeni KypblJIbIMbIHA Ia ce3iMTas eMec. by pexxum/ie 3BoIIOLMA HHOJIAIMA GacTalFaHFa
JlediHri poHABIK JUHAMHKA aHBIK K9HE MO/leJIbIre TayeJiCi3 CUMaTTaMachblH YChbIHA OThIPbIMN, allKbIH
aHaJIUTHUKAJBIK lIeliMre ue. bys MoziesibJie KBAHTThIK CEKipy TOJIbIFbIMEH KUHETUKAJbIK3HEPTUSAMEH
6acKapbLia/ibl, ce6ebi MoTeHUANbIK SHEPTUS 6aChIM 6acTaNKbl KaFJalaap HHPAAUAIBIK 6PiCTiH
TOJIbIK JMAla30HbIH/A XKY3€ere acrnanjbl.

TyiliH ce3A€ep: Y/IKEH )KapbLJIbIC CAHTYJISPJIbIFbI, KBAHTTHIK CEKipY, UHDAAI U, HUKI/IK KBAHTTHIK,
KOCMOJIOT S
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HavanbHbIE yC/10BUA MOJIA PIH(l)JIaTOHa IIpHU KBAHTOBOM OTCKOKeE

AHHoOTanusa. B naHHoOUM pa6oTe Mbl HccaenyeM npeAuMHOSAIMOHHYIO 3BOJIONUI0 BcesneHHOH,
00yC/I0BJIEHHYIO JIOTapUPMUUYECKUM NNOTEHIMA/I0OM, B KOHTEKCTe N1eT1eBOM KBAHTOBOM KOCMOJIOTHH.
Ham aHanus cocpefoTodyeH Ha onpejeseHUU QU3NYECKU [ONYCTUMBIX Ha4yaJbHBIX YCJAOBUH
JJ19 1o MHJIATOHA, KOTOpble MPUBOJAT K ycnellHoW ¢ase MeasieHHON HMHOAALMU. MBI Takxe
OLleHMBAeM COOTBETCTBYWOIlee YHCJIO e-CKJaJ0K W H3y4YaeM HUX COIJIACOBAHHOCTb C TEKYLUMHU
HabJ0/aTeJbHbIMUA OrpaHuYeHussMU. Korja KuHeTH4Yeckasi 3Heprus MHJaTOHa JOMUHUPYeT Ha
HayaJIbHOM 3Talle, KOCMUYecKasi 3BOJIIOLMSA /10 [lepeHarpeBa ecTeCTBEHHbIM 06pa3oM pasjeJseTcs
Ha TpH Nocye/joBaTebHble pa3bl: pa3y 0TCKOKaA, NepexoHyo ¢a3y u ¢pa3y MeieHHOU HHOIAAUH.
Ha nportsaxeHnu Bceil $paspl OTCKOKA JUHAMHKA MaclITaOHOro ¢pakTopa B 3HAaUUTEJIbHOW CTeNeHHU
He4YyBCTBUTeJbHA KaK K BbIOpDAaHHBIM HavaJbHbIM YCJOBUSAM, TaK U K JleTaJbHOH CTPYKType
MHOQJISILMOHHOrO MOTeHIUajla. B 3TOM pexume 3BOJIIOLUS [JONYyCKaeT sIBHOE aHaJIUTHYeCKOe
pellleHHe, obecleyrBarolee YeTKOe U He3aBUCHMOE OT MO/ieJIU onucaHrve GOHOBOI0 MOBEJEHUS 10
Havyasa MHGAALUU. B 3TON MoJesn KBaHTOBBIN OTCKOK IMOJIHOCTbIO ONpeJenseTcs KMHeTUYeCKOU
JHepruel, NOCKOJIbKY Hadya/lbHble YCJI0BUS, B KOTOPBIX JOMHUHUPYeT NOTeHHa/lbHasd dHeprus, He
MOTYT OBITh peaJiM30BaHbl BO BCEM /iMaNa3oHe N0Jis UH$JIaToHa.

Kiw4deBble C/10Ba: CUHTYJISIPHOCTb B0JIbIIOTO B3pbIBa, KBAHTOBBIA OTCKOK, UH ALK, IeTIeBas
KBaHTOBasi KOCMOJIOTHS
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