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Annotation. In this work, we examine an inflationary model driven by a scalar
field that evolves according to a power-law dependence on cosmological time.
This assumption allows the Einstein-Klein-Gordon equations to be solved
analytically within a flat FLRW metric and makes it possible to obtain closed-
form expressions for the key dynamical quantities of the early Universe. Based
on the chosen scalar field profile, the Hubble function and the scale factor
are computed, enabling a detailed analysis of the emergence of accelerated
expansion. The potential of the field and its derivatives are reconstructed
directly from the equation of motion, which in turn allows us to derive analytical
formulas for the Hubble and potential slow-roll parameters. The time evolution
of these parameters is analyzed to determine the regime of validity of the slow-
roll approximation and to identify the natural endpoint of the inflationary phase.
The obtained results demonstrate that a power-law configuration of the scalar
field can sustain a prolonged stage of inflation and accurately reproduce the
major features of slow-roll dynamics within the framework of General Relativity.
Keywords: Inflation field, slow-roll parameter, generalized gravity, Hubble
parameter, scale factor, Klein-Gordon equation.

Introduction

The inflationary framework has become a cornerstone of modern cosmology, as it provides
a unified mechanism for explaining several essential properties of the observable universe,
including its large-scale homogeneity, flat spatial geometry, and the absence of relics predicted
by pre-inflationary models. In this scenario, the universe undergoes a brief period of accelerated
expansioninits earliest stages, during which quantum fluctuations are stretched to cosmological
scales and subsequently evolve into the density perturbations detected in the cosmic microwave
background.

Within the context of Einstein’s General Relativity, such rapid expansion can be generated
by a single scalar field,the inflator-whose potential energy dominates the total energy content
of the universe. When the inflation evolves sufficiently slowly so that its potential energy
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Slow-roll inflation in the power-law scalar model

remains the primary contribution, the dynamical equations simplify to the well-known
slow-roll approximation. In this regime, the inflationary behavior is described by two small,
dimensionless parameters:

H @

E =

which measure the deviation from an exact de Sitter expansion and quantify the rate at which
the scalar field descends along with its potential.

Different choices of the scalar potential V(¢) - including monomial, exponential, and power-
law forms - lead to distinct predictions for inflationary observables. These theoretical outcomes
can be evaluated through parameters such as the scalar spectral index n_and the tensor-to-
scalar ratio r, both of which are tightly constrained by recent observations from the Planck and
WMAP missions.

The aim of this work is to investigate the dynamics of the slow-roll phase within General
Relativity, derive analytical relationships among the principal inflationary parameters, and
compare the resulting predictions with current observational bounds. Special emphasis is
placed on understanding how the specific shape of the scalar potential influences the duration
of inflation and the amplitude of primordial perturbations, thereby providing deeper insight
into the early evolution of the universe.

Theoretical Framework
The starting point is the Einstein-Hilbert action with a minimally coupled scalar field,
S =[G+ Lm) J—gd*x (2)
where the Lagrangian is introduced as
L =359 = V(9). (3)
The background geometry is described by the spatially flat FLRW line element,
ds? = —dt? + a?(t) (dx? + dy? + dz?), (4)
which reduces the gravitational action to the effective point-like Lagrangian.
L=—%aa2+%a3<p2—a3V(¢). (5)

From this form, the energy density and pressure of the scalar field follow directly:

1, 1., 6
Pp=592+V(@),  pp=50°-V(p) (6)
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The evolution of the background spacetime is governed by the Friedmann equations,

HE= by, 7)
2H + 3H? = —p,, (8)
while the scalar field satisfies the Klein-Gordon equation,
®+3Hp+V,=0. (9)
Combining (5) and (6) yields the useful identity.
H=—3¢% (10)
We assume that we have a scalar field value,
@ =@oth, @ =@oAt?, P =oA(d - Dt (11)

Here ¢, and A are constants with ¢ >0 and A<0. The power-law time dependence of the scalar
field is adopted as a technically convenient and physically reasonable ansatz in inflationary
cosmology. This choice makes it possible to integrate the Einstein-Klein-Gordon system in
closed form and to track explicitly the temporal behavior of the Hubble parameter,; the scale
factor, and the slow-roll characteristics. Moreover, taking the exponent A implies that the scalar
field gradually decreases with time during the inflationary era, which matches the standard
picture of a rolling inflation field and naturally leads to the end of inflation.

Substituting this ansatz into (9) gives

0= _% P22 222, (12)
Integrating with respect to time leads to the Hubble expansion rate,

T ) . Sy e
H = Hy— ;2% 200, (13)

where H is integration constant. Using the relation a’/a=H(t), the scale factor takes the form.

_ __pgX* 21
a = aypexp (Hot 2D t ) (14)

where a, is a constant of integration. The evolution of the scale factor a(t) with respect to
cosmic time t is presented in Figure 1.
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Figure 1. Behavior of the scale factor a as a function of cosmic time t. The monotonic growth

of a reflects the accelerated expansion of the Universe during the slow-roll inflationary phase

Introducing the explicit formulas for the field derivatives leads to

Vy = —@oA(A — 1)tA72 = BH(t) @A t171,

and after replacing the equation (13) by its analytic expression,

(15)
V) = —@oAd(A — D)tA"2 — 3HypoAth~1 + 2282 4312 (16)
) Po 0®o 22A-1)
From the Klein-Gordon equation (15) by using the chain rule,
av _ av de _ .
at dp at e ? (17)
Using equations (15), (16) we can derive V by integrating.
V= _% @2A2 £ 222 3Ho p§A*

21-1 18
O (22 4y, (18)
To characterize the inflationary regime, the Hubble slow-roll parameters are introduced.
The first is defined by.

. 1 2 -
H _ E(pOAZtZA 2

2 2 2)
H Ho— Po 12 t 2A-1
072(22-1)

Figure 2 illustrates the temporal evolution of the slow-roll parameter €.

€

(19)
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Figure 2. Evolution of the Hubble slow-roll parameter € as a function of cosmic time .
The parameter remains much smaller than unity for most of the evolution, indicating a prolonged
quasi-de Sitter stage, and gradually increases towards ex=1, signalling the end of inflation

Therefore, we can define the first slow-roll parameter, denoted by ¢ as while the second
parameter, associated with the acceleration of the scalar field, becomes.

_ » A-1
m= _E T ®GA%  aa-1) (20)
t H0_2(2/1—1)t

If we take the derivative with respect to cosmic time, we can define the second slow-roll
parameter, denoted by 1, which guarantees the slow variation of € in time,

¢ = 2H*  H _1 (pﬁl“t““‘ (Ho _ pir? tu_l) N P3A2(A-1)t2A3 . (21)

B 2(22-1 242 2
@2-1) (Ho—z(“;"f_ 1)tu_1)

H3 H2 2
3,3 2
- - 3ppld _
1 (—<p0/1(/1—1)t’1 2_3HypoAt? 1+2(TO_1)t3;L 2)

_ZK

€V 2
1 ., 3Ho@3A2 _,_ 22
-5 (p(Z)AZtZA 2_21—_011'-21 1+V0 ( )

The behavior of the potential slow-roll parameter €, as a function of cosmic time t is presented
in Figure 3.

1 é \’; 4 5 6
Figure 3. Behavior of the potential slow-roll parameter €, as a function of cosmic time ¢. Initially
€, is small, confirming that the dynamics are potential-dominated, while its subsequent growth

marks the breakdown of the slow-roll approximation and the end of the inflationary era

24 N24(153)/ 2025 A.H. I'ymures amvindazor Eypasua yammuix ynueepcumeminity XABAPIIBICHI.
DQusura. ACmpoHOMUsL cepusicol
ISSN: 2616-6836. eISSN: 2663-1296



Slow-roll inflation in the power-law scalar model

Here, figure 2 and figure 3 describe different slow-roll characteristics of the same inflationary
dynamics. Figure 2 represents the Hubble slow-roll parameter € which is sensitive to the full
background evolution, including the kinetic term of the scalar field. Figure 3 shows the potential
slow-roll parameter €, which depends only on the form of the reconstructed potential. During
the early stage, both parameters satisfy €€, indicating accelerated expansion. At later times
both parameters increase and approach unity, which signals the breakdown of the slow-roll
regime and confirms that the Universe exits inflation in the considered model.

Similarly to the case of €, we can define a parameter 7, that depends only on the potential.
Using (20) and the Friedmann equations, we have

1(V,
mw=n+e=1("2) (23)
where v, , = %. To compute the potential slow-roll parameter n, we differentiate then we
obtain. ¢ ,
— (1 — 1) (722 4 3Ho) | 3052°(BA-2) 23— 24
Voo = —(4 1)(t2+ t)+ TR (24)

Finally, the potential slow-roll parameter is.
-2, 3H0) 3pFA2(31-2) (22-2

Ny = 1 _(/1_1)( t2 |t 2(2A-1) . (25)

2,2
K _1 5.3 .22-2_ 3Ho9oA" 554
ZQDO)L t -1 t +Vo

The dependence of the parameter 1, on cosmic time t is shown in Figure 4.

1' 2 3 4 : s
Figure 4. Behavior of the potential slow-roll parameter 1, as a function of cosmic time ¢.
The evolution of n, characterizes the curvature of the inflation potential and shows when

the scalar field starts to deviate significantly from the slow-roll regime
Conclusion

In this work, we examined the inflationary dynamics generated by a power-law scalar field
within the framework of General Relativity. By obtaining explicit analytical expressions for the
Hubble parameter; the scale factor; and the slow-roll functions, we achieved a clear and fully transparent
description of the background evolution during inflation. The slow-roll parameters € and 1 remain
sufficiently small throughout most of the inflationary epoch, confirming that the model naturally supports
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a prolonged phase of accelerated expansion. As cosmic time increases, both parameters gradually rise,
signalling the eventual breakdown of the slow-roll regime. Taken together; these results demonstrate that
a simple power-law dependence of the scalar field can reproduce the fundamental features of inflation
and provides a coherent theoretical framework for describing the early Universe.
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Japexesiik cKaasp epicTik Mogeabjeri 6asy cbIpFy HHQPIANMSACHI

AHHOTanusA. By *KyMbICTa KOCMOJIOTHSIIBIK, YaKbITKA KATBICThI J9peExKesliK 3aH, G0MbIHIIA 63repeTiH
CKaJIsAp epici TyAblpFaH MHQAALUAIBIK MoOJesb KapacThipbuiaAbl. OcblHAAW 60omkaM miuockuid FLRW
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MeTpUKachiHJa JiHITenH-KnelH-Top/loH TeH/ey/lepiH aHAJIMTUKAJIBIK, LIelnyTre XoHe epTe FasaMHbIH
Herisri AMHAMUKaJIbIK IIaMaslapbIHbIH, TYUBIK TYpAEri epHEKTEepiH ajyFa MYMKIiHJAIK 6epexi. Bepinren
CKasisAp epic mpodusiiHe cydeHe OThIPhIN, Xa66/1 GYHKIUACHI MeH MacIITaOThIK, pakTop ecenTesef,
OyJ1 KefielleTi/ITeH KeHeloZiH Ka/bINTacyblH OaKpLIayFa 2K0J1 ala/bl. OpicTiH NOTeHIMa/Jbl MEH OHBIH,
TYBIHZABLIAPBl KO3FAJIbIC TeHJeyiHeH TikesJell KaJllblHa KeaTipisin, Xa60JAblK, KoHe NOTeHLHaIJBIK,
6asy ChIPFy MapaMeTpJiepiHiH aHAIUTUKAJBIK TYPiH ajJiyFa MYMKIiH/IK 6epesi. ATajsfaH napaMeTpJiepAiH
YaKbITTBIK 3BOJIIOLUSICHI 6asty ChIPFY KYbIKTAybIHbIH, KOJIAAHBLIY aliMaFbIH oHe WHQJIALUSAIbIK Ke3eHHIH,
TaOUFHU asiKTa/ly yaKbIThIH aHbIKTAy YIIiH TaJaHa/ibl. AJIbIHFaH HOTHOKeJIep Aapexe ik opMasiarbl CKaIap
epiciHiH KoH$UTrYpanuAchl UHQJIALMSAHBIH TYPAaKThl Ke3eHiH KaMTaMachI3 eTil, ’Kaslbl cabICThIPMalbLIbIK,
neHOepiH/le 6asty ChIPFY/bIH HETi3Ti epeKIlie-TiKTePiH A9 CUMaTTak alaThIHbIH KepCeTei.

Ty#inai ce3aep: Undnsanus, 6asy celpry napameTpJiepi, aJlblIaHFaH rpaBaTanus, Xa66. napa-
MeTpi, MaclITabThIK pakTop, KineitH-['opAoH TeHaeyi.

A.Pat6aii'*, 0.Pa3una’, A.UcmanioBa?
'Eepasuiickull HayuoHaabHblll yHueepcumem umenu JLH. T'ymunéea, Acmana, Kazaxcmau
°HAO «Kokwemayckuil ynueepcumem umenu Il Yaauxanosa», Kokwemay, Kazaxcmau
(E-mail:*aisara.ratbay@gmail.com, razina_ov@enu.kz, aisulu0402@gmail.com)

I/IH(l)JIHL[I/IH B pe€XXHUMe MEeAJICHHOTO CKaTbIBAHUA B cTeneHHOH MOAEJIN CKAJIAPHOIO MOoJIA

AnHOTanusA. B paboTe paccMaTpuBaeTcss MHOJIALMOHHAs MOJesb, NMOPOXAEHHAs CKaIPHBIM
H0JIEM, 9BOJIIOLIUS KOTOPOTO 33/jJaHa CTEeNIEHHOUW 3aBUCHMOCTBIO OT KOCMUYECKOT0 BpeMeHH. [IpuHsTOE
npeJoJioKeHe T03BOJIAeT aHaJUTHYeCKH PelIUTb ypaBHeHUA JiuHWTelHHa-KieiiHa-I'oproHa B
miockoi FLRW-MeTpuke ¥ noJIly4uTh 3aMKHYTbIe BbIpa:KeHUS AJiS1 JUHAMUYECKUX BEJINYMH paHHeN
BcesieHHoW. Ha ocHoBe 3aJjaHHOro BHJA NOJS BBIYUCIASIOTCH (yHKIUs Xab6sa M MaclITaGHBINA
dakKTop, YTO JAET BO3MOXKHOCTD NPOCIeIUTh POPMUPOBaHHE YCKOPEHHOTO paciiupenus. [loTeHnnyan
CKaJIIPHOTO MOJiI U €ero NpPOU3BOJHble BOCCTAaHABJMBAIOTCS HENOCPeJCTBEHHO U3 YpaBHEHU:
JIB>KEHMS, YTO NI03BOJIET NOJIYYUTh aHaJUTHYecKre GOpMbI NapaMeTPOB Me/IJIEHHOT0 CKaThIBaHUSA
KaK Xab06JI0BCKOTO, TaK U MOTeHLUaJbHOI0 TUNA. [loBefleHHe 3TUX NapaMeTpPOB aHAJIU3UPYeTCs A
onpejesieHUsi 06/1aCTU AeHCTBUTEJbHOCTU NPUOGJIMKEHUsI MeJAJIEHHOTO CKaTbIBaHUS M MOMEHTaA
BbIX0/1a U3 UHQIALMOHHOI0 pexxuMa. [losydeHHble pe3ybTaThl I0Ka3bIBAIOT, YTO NPOCTAs CTeNeHHas
dbopMa ckasapHOro 1o0J1d C1ocob6Ha 06eCeYuTh yCTOMYUBYI0 UHQIALMOHHYIO CTaIUI0 U BOCIPOU3BECTH
XapaKTepHble IPU3HAaKU Me/IJIEHHOTO CKaThbIBaHUS B paMKax 001ell TEOpUX OTHOCUTEIBHOCTH.

KimoueBsle ciioBa: UHA1MsA, napaMeTpbl Me/JIEHHOI'O CKaTbIBaHUsA, 06001éHHAsA rpaBUTaLus,
napameTp Xa66.1a, MaclrTabHbll pakTop, ypaBHeHue KieitH-TopioHa.
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