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Abstract. In this work, we explore the dynamical behavior of a cosmological
model governed by a steep exponential potential. Our study concentrates on
the autonomous form of the evolution equations, enabling us to investigate
the asymptotic characteristics of the model. We construct a set of first-order
differential equations which is associated with the scalar field and the expansion
of the universe. A key part of the analysis involves identifying the critical points
of the cosmological model. We determine the stability properties of these points
through eigenvalues, classifying them as stable, unstable or saddle points.
This classification provides valuable insight into how the universe may evolve
qualitatively under the influence of a steep exponential potential. Our results
show that for specific parameter ranges, the model admits a stable critical
point, which functions as a late-time attractor. This indicates that exponential
potential can drive the universe toward a stable phase of evolution. Additionally,
we use phase space diagrams to illustrate the trajectories and stability structure
of the system, offering a clear visualization of the scalar field domination at the
current epoch.
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Introduction

Astronomy is one of humanity’s oldest fields of knowledge, devoted to the study of celestial
objects such as stars, galaxies, planets, and moons. A closely related discipline, cosmology,
focuses onunderstanding the Universe asawhole.Itapplies the scientific method to investigate
the origin, evolution, and ultimate fate of the cosmos. Cosmological theories are developed
to make specific predictions about observable phenomena, which can be tested through
astronomical observations. Depending on the outcomes, these theories maybe refined, revised,
or replaced. The prevailing explanation for the origin and evolution of the Universe is the Big
Bang theory, widely known as the standard cosmological model. This model is grounded in
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Einstein’s general theory of relativity, published in 1915. Observational breakthroughs in the
1920s - such as Edwin Hubble’s discovery that the Milky Way is just one of many galaxies
and Vesto Slipher’s early measurements indicating the Universe’s expansion - paved the way
for modern cosmological models. Soon after, Georges Lemaitre and others formulated the
Big Bang hypothesis based on general relativity [1,2,3,4,5]. The Big Bang model remains the
dominant framework in cosmology and has passed several major observational tests. These
include the Hubble diagram describing the Universe’s expansion, the predicted abundances
of light elements such as deuterium and helium from Big Bang Nucleosynthesis (BBN), and
the observation of the cosmic microwave background (CMB), which is the relic radiation from
the early Universe. Since the late 20th century, the fields of cosmology and space science
have undergone profound developments. One of the most significant discoveries was that the
expansion of the Universe is accelerating, implying the existence of a mysterious component
known as dark energy. Another major theoretical advancement is cosmic inflation, which
posits a brief period of extremely rapid expansion immediately after the Big Bang, helping to
explain the large-scale structure of the cosmos.

Astrophysicists generally agree that all matter - ranging from galaxies and stars to planets
and life - originated roughly 13 billion years ago from an extremely hot, dense state. Instead
of occurring within pre-existing space, the Big Bang created both matter and space itself.
In its earliest moments, the Universe was filled with a hot plasma of fundamental particles
such as quarks and photons. As expansion progressed, the energy density decreased and
the temperature dropped, eventually allowing atoms and more complex structures to form.
This cooling process can be loosely compared to the temperature drop experienced when a
bottle of carbonated liquid is opened and gas escapes [6,7,8,9,10]. A transformative moment
in modern cosmology occurred in 1998, when two independent research groups studying
distant Type la supernovae reported that the Universe’s expansion is accelerating. Before this
discovery, cosmologists expected the expansion to slow down due to gravitational attraction,
and the parameter describing the second derivative of the expansion - q - was therefore
termed the “deceleration parameter.” The discovery ofacceleration fundamentally changed our
understanding of cosmic dynamics. The cosmological constant, A, offers a simple explanation
for this accelerated expansion, though its history in physics has been complex, having been
introduced, discarded, and revived multiple times. Subsequent observations - including
detailed supernova studies, measurements of the CMB, large-scale structure surveys, and
galaxy cluster data - have confirmed the presence of accelerated expansion with increasing
confidence. According to the standard cosmological model, the Universe contains substantial
amounts of dark matter (DM) and dark energy (DE), although their true nature remains
unknown. Measurements from the Planck satellite indicate that the Universe is composed of
approximately 68.3% dark energy, 26.8% dark matter, and 4.9% baryonic (ordinary) matter.

Dynamics of Scalar Field

It is well understood that Einstein’s field equations govern the dynamics of the Universe.
The left-hand side of these equations encodes the curvature of spacetime, while the right-
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hand side contains the energy-momentum tensor, which represents the matter - energy
content of the Universe. In their original form, Einstein’s equations do not naturally yield late-
time cosmic acceleration. To account for the observed acceleration, one must either introduce
an exotic fluid with sufficiently negative pressure or modify the gravitational theory itself.
The cosmological constant (A), corresponding to the ACDM model with an equation-of-state
parameter w=-1, is the simplest and most widely studied dark energy candidate. Although
the ACDM model is consistent with current observations, it faces significant theoretical
challenges, notably the cosmological constant and coincidence problems. While cosmological
data support the existence of A, reconciling its observed value with theoretical predictions
remains a major difficulty. This motivates the exploration of alternative explanations for
dark energy. Scalar fields naturally arise in high-energy physics, including particle physics
and string theory, and provide promising candidates for dark energy. In standard cosmology,
the matter content is described by a perfect fluid with a barotropic equation of state, where
the pressure p(t) and energy density p(t) are functions of cosmic time. The conservation of
the energy-momentum tensor, guaranteed by the Bianchi identities, ensures the internal
consistency of general relativity and its covariant framework. Observations indicate that the
Universe is homogeneous and isotropic on large scales (greater than approximately 100 Mpc).
These assumptions underpin the Friedmann-Lemaitre-Robertson-Walker (FLRW) metric,
which embodies the cosmological principle. Consequently, the scale factor a(t), depending
only on cosmic time, fully characterizes the expansion history of the Universe. By integrating
the relevant second-order differential equation governing a(t), one obtains a corresponding
first-order differential equation that this function must satisfy.

_ 3k
3H? = pesr(a) = poma™>(t) + A — oy (1)

—pesr(a)a®
V(a) = + (2)

Here, H is the Hubble parameter, A is the cosmological constant, k= 0, 1 is the curvature
constant and the covariant conservation condition of the energy-momentum tensor simplifies

to A
p=-3-(p+p) (3)

This Equation is known as Friedmann equation. It is clear from the motion of a unit mass
particle in a potential V=V (a).

V(a) — _peff(a)az

6 (4)
On the zero energy position, this leads to:
dZ
5+ v(a) =0 (5)
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Where peff acts as an total energy viscosity parameterized by the expansion factor a(t).
The cosmological constant and curvature term in Eq. (1) can be explained as a technical type
of fluid: pA = -pA = -A and pk = -1/3, pk = -3k/a’ Thus, the standard model of cosmology can
be represented as a dynamical system to Newtonian mechanics: a "= dv/da where expansion
factor plays the significant role of a positional variable for a hypothetical particle of unit mass
bluffing the expanding nature of the macrocosm.

[t is worth noting that if the cosmological constant is interpreted as the energy density
of the quantum vacuum, then this energy remains constant throughout the evolution of the
Universe. The standard cosmological model is characterized by several key features, including
the following:

(i) The theory contains inherent limitations and energetic boundaries that highlight the
constraints imposed by classical singularities. In describing the structure and evolution of the
Universe, we employ the classical framework of general relativity, while regimes beyond the
Planck epoch remain outside the scope of our analysis.

(ii) The investigation of universal properties relies on a set of fundamental parameters.
These include various density parameters and quantities related to the cosmic microwave
background (CMB) spectrum, both of which play essential roles in modern cosmology.

Phase-space analysis using dynamical systems has been extensively explored in the
literature. Here, we briefly outline the dynamical systems approach, which is essential for
understanding the asymptotic behavior of cosmological models and is broadly classified within
the category of autonomous systems [11, 12]. In such systems, the choice of dimensionless
variables is motivated by several considerations:

(a) They allow the dynamical system to be cast in a bounded domain.

(b) They possess clear physical interpretations.

(c) They often introduce a structural harmony in the equations, enabling a reduction in the
number of variables and yielding a simplified system for analysis.

For clarity, we restrict our discussion to a system of two first-order differential equations,
although the method can be generalized to systems of arbitrary size. We consider the following
set of coupled differential equations, which describe the evolution of the variables x(t) and
y(t) as:

x=f(,yt) (6)

y=9gy,t) (7)

The given equations represent a system where fand g are functions of x,y,and t. If fand g do
not explicitly depend on time, However these equations are appertained to as an independent
system. The analysis of the dynamic geste of the independent system can be conducted as
described below. To identify the fixed or critical points, we can set the left-hand side of the
independent system equal to zero. In simpler terms, a point (x, y_ ) is considered a critical
point if it meets the following condition.

fFOOY) ey =0 (8)

10 N24(153)/ 2025 A.H. I'ymures amvindazor Eypasua yammuix ynueepcumeminity XABAPIIBICHI.
DQusura. ACmpoHOMUsL cepusicol
ISSN: 2616-6836. eISSN: 2663-1296



Fixed point analysis with steep exponential potential

G(x’ y)(xc’J’c) =0 (9)

The point (x, y_) would behave as an attractor when it meets the following condition,

(x(@®), () — (x, y.)fort — o (10)

Next, let us move to the stability around the stationary point. In this case, we consider
small perturbations §x and 8y near the critical point as

X =x,+ 0x (11)
y=Y:+0y (12)

On substituting equations (11) and (12) into equations (6) and (7), we get first order

differential equations,
d (6x\ _ ox
an (Sy) -M (53/) (13)

Here N =In(a) and the matrix M rely upon critical point (xc, yc), and is given by

of of (14)
_ | ox oy
M= a9 og (Xx=Xxc ,y=yc)
ax 0Oy

[t has two eigenvalues 11, n2, and the general solution for x and 8y is given as follows
Ox = kle{ﬂlN} + kze{rlzN} (15)

8y = kyemN} 4 g, o(n2N} (16)

Here k, k,, k3 and k, are denoted as integration constants. Therefore, the stability of the
fixed points can be depicted by the signs of eigenvalues. Usually, the following groups are
used [11, 12, 13]:

N, <0andn, <0 — Stable point

n, > 0andn, > 0 - Unstable point

n,<0andn,>0o0r (nl1>0andn2<0)— Saddle point

The real parts of n, and 1, are negative and the determinant of the matrix M is negative —
Stable spiral.

The fixed point behave as an attractor stable point in case of (a) and (d) whereas in case of
(b) and (c) it is not possible.

A wide range of cosmological observations, both direct and indirect, indicate that the
Universe is currently undergoing accelerated expansion. Within the framework of Einstein’s
gravity, this acceleration is commonly attributed to dark energy. The simplest and most
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widely studied candidate for dark energy is the cosmological constant, denoted by A, forming
the basis of the ACDM model. Despite its success in explaining many observational results,
the ACDM paradigm faces notable theoretical challenges, including the fine-tuning and cosmic
coincidence problems [14, 15]. These issues raise the question of whether dark energy is truly a
constant or instead a dynamical entity. Scalar fields play a central role in modern cosmology and
are frequently invoked as dynamical dark energy candidates, often referred to as quintessence.
A slowly varying scalar-field potential can give rise to negative pressure, making such fields
suitable for driving cosmic acceleration. Scalar field models are important because they can
describe different evolutionary phases of the Universe. In particular, they provide a framework
capable of characterizing both the early and late stages of accelerated expansion. The Lagrangian
density for minimally coupled scalar field ¢ with a potential V (¢) is given by

L=2¢2+V(e) (17)

For the above Lagrangian density, Friedmann and Klein Gordan equations can be written
as

H? =5 [162 4 V(@) + g (18)

H = [$2 + (1 + wp)pm] (19)

q'S+3H<j)+j—;=o (20)

Let us use the following dimensionless variables

_ Kb KWV Ve VWee 21
~ VeH’ _\/§H'/1_ KV’F_ V3 (21)

X

Where V,¢E dV/d¢. The above equations can be rewritten in the autonomous form

d V6 3
—= =32+ Ay + o x[(1 = wy)x? + (1 + i) (1 = y?)] (22)
B = 2 xy + 250 = wdx? + (1 + wi) (1= y2) (23)
L = V61’ (I - D (24)
together with a constraint equation
2
Xyt =1 (25)

where N=In(a). The equation of state w, and the fraction of the energy density Q, for the
field ¢ is defined as

_ P _ x2—y?
We = o = X2 492 (26)
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2

.Q¢:';:§’:x2+y2 (27)

We have also introduced the total effective equation of state:

=wy, + (1 —wp)x? — (1 + wy,)y? (28)

An accelerating expansion occurs for w . «<1/3.

The first potential we consider is the steep exponential potential. Exponential potentials
arise in a variety of contexts in physics and play an important role in understanding high-
energy phenomena such as string theory and inflation. In string and superstring theories, for
example, exponential potentials frequently emerge in models involving compactification from
higher dimensions to four dimensions. Despite its simplicity, the single exponential potential
represents one of the most fundamental quintessence models and possesses a rich dynamical
structure with several essential features.

We study the cosmological dynamics of standard and steeper exponential potentials. Let us
consider the following scalar field model characterized by the potential.

V(p)=VoeMa(p/M_P)'n} (29)
where V is constant of mass dimension 4. For this potential, we have
I'=1+(n-1)na (M_P/¢ )*n (30)

In this work, we shall choose n=1. The critical points of the autonomous system are given
by the subsequent subsection. The existence of stable point is determined after analyzing
the condition of point stays within the phase space, i.e. satisfying the Friedmann constraint
x2+y?=1.

We use autonomous system (22), (23) and (24) to find the stationary points (i.e.
-0, 2 =0and %: 0). Hence,

dn _  dn

Table 1. We present stationary points and their stability for steep exponential potential.

S. Critical Points Eigen Values Stability
No.
X y n1 772
Al -1 0 3 1 unstable
> (6+62)
A2. 0 0 -3 3 unstable
2 2
A3. [3/2 372 | 3 (—AZ _ J24rz = 7/14)} 3 (—AZ + J24 =725 7/14)} stable
A A 42 42
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A4, -3+\2 stable

1
e E(—6 +Az)

>
—_

I

|

The point A1l is an unstable because all the eigenvalues are positive. The point A2 is
an unstable because one of the eigenvalue is positive. The critical point A3 is stable point
because the eigenvalues are negative for A>1.8. The critical point A4 is stable point because
the eigenvalues are negative for 0<A<1.7.

Now, let’s analyze the phase space and trajectories for the steep exponential potential. We
will plot the phase portrait using various parameter values of A. We have noticed that the
dynamics of the phase space can be represented different sets of values for A.

The Fig. 1 is plotted for A=1, with the initial ranges for x and y taken as [-1, 1] and [0, 2],
respectively. The attractor pointin Fig. 1 corresponds to the accelerated expansion, for which
w . =-2/3.

2.0}
1.5}
> 1.0}
0.5
0.0}
-1.0 -0.5 0.0 0.5 1.0
X

Fig. 1. This figure shows phase portrait for point A4 with A = 1 in x-y plane. For w_ =-2/3 and
Q¢=1, the point is fixed and represented a stable spiral. The stable attractor point is denoted
by black dot in the figure where all the trajectories meet.

Findings and discussion

The discussion extends to cosmological models that account for the accelerating expansion
of the Universe, a phenomenon frequently attributed to dark energy. Among these, models
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involving scalar fields - particularly quintessence - are of significant interest. For the
quintessence framework, we introduce the corresponding Lagrangian density, defined by a
minimally coupled scalar field with a specified potential V(¢). From this formulation, the field
equations, relevant dimensionless variables, and the associated equation of state are derived.
In our analysis, we focus on a steep exponential potential. We identify the fixed points of the
resulting autonomous system and examine their stability by analyzing the signs of the eigenvalues.
Depending on these signs, each critical point can be classified as unstable, a saddle point, or
stable. The dynamics of the system are further illustrated through phase portraits. The phase-
space analysis for the single exponential potential demonstrates that the system admits both
stable and unstable critical points, depending on the values of the parameter A. In particular, for
certain ranges of A, the system evolves toward a stable attractor solution, indicating long-term
stability in the cosmological evolution. For parameter choices such that A<2, the stable critical
point manifests as a stable spiral, with x—=0 and y—1; see Figure (1).

Conclusion

The model under consideration examines the evolution of the Universe following the Big
Bang, with a focus on scalar field cosmology and dynamical system analysis. It outlines the
rapid expansion of the early Universe, which eventually led to the formation of galaxies and
other cosmic structures. The study also discusses the concept of dark energy, the driving
force behind the accelerated expansion of the Universe, and reviews the discovery of cosmic
acceleration in the late 1990s. This work explores the mathematical framework of scalar
field cosmology, including dynamical systems techniques and cosmological models such as
quintessence. Stationary (critical) points and their stability properties are analyzed, and
phase-space diagrams are constructed for various scenarios. Through these analyses, the
study evaluates several potential models, investigates their stability, and interprets their phase-
space trajectories, thereby offering a comprehensive overview of scalar-field-driven cosmological
evolution. By employing a dynamical systems approach, we have characterized the qualitative
behavior of quintessence models. We identified their critical points, examined the corresponding
phase spaces, and assessed the physical plausibility of the resulting dynamics. Our findings
indicate that both forms of exponential potentials considered in this work can give rise to stable
scaling solutions as well as sustained late-time accelerated expansion. In the accelerating regime,
the scalar field’s potential energy dominates the evolution of the Universe. In scaling solutions,
the scalar field’s equation of state behaves similarly to that of the background matter, causing the
Universe to evolve as though it were matter-dominated. These results are particularly significant,
as they show that the Universe can follow realistic evolutionary paths in the presence of a scalar
field without conflicting with observational constraints. For the steep exponential potential, the
phase-space analysis consistently reveals stable critical points, highlighting the viability of such
models in describing late-time cosmic dynamics.
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TYpaK,TbI HYKTE€ Ta/J14AdYbl })KoHE TiK IKCIIOHEHIMAJI IOTEHIINAJIbI

Anjgatna.byskymbicTa 6i3 TIK 3KCIIOHEHITU A/ /[bl TOTEHI[MAJIMeH 6aCKaPbLJIAThIH KOCMOJIOTUSAJBIK
Mo/JieJIb/IiH, JUHAMUKAJbIK 9peKeTiH 3epTTeiiMi3. Bi3zig 3epTTeyimMi3 Moaeb/iH, aCUMITOTUKAJbIK,
cUIlaTTaMaJlapblH 3epTTeyre MyMKiHAiK GepeTiH sBoJIOLUS TeHJeyJepiHiH aBTOHOMJbl TypiHe
1mofbIpJiaHFaH. bi3 ckansap epiciMeH ’koHe FajlaMHbIH KeHeloiMeH 6aliaHbICTbI GipiHIIi peTTi
AuddepeHLHaNibIK TEHAeY/Iep )KUHAFbIH KypacTblpaMbl3. TangayibiH Heri3ri 66J1iri KOCMOJIOTUSAIBIK,
MOJeJIb/iH MaHbl3/1bl HYKTeJlepiH aHbIKTayAbl KAMTHU/bL. ByJl HYKTeJlepiiH TYpPaKThLJIbIK KACUeTTEPIH
MEHIIIKTI MOHJEP apKbl/bl aHbIKTAlMBbI3, OJIapAbl TYPAaKThl, TYPAKChI3 HEMeCe ceAJia HyKTeJsepiHe
KikTelMi3. Bys kKikTey FajaMHbIH TiK 3KCHOHEHIHAJ/bl d9JEyeTTiH acepiHeH KaJjall camaJbl
TYpPAEe AaMybl MYMKiH eKeHJiri TypaJsibl KyH/bl TycCiHik 6epeai. HoTmkesnepiMiz HakTbl mapaMmeTp
Juana3oHjapbl yUIiH yJri KeliKTipisireH aTTpaKTop peTiHAe >XYMbIC iCTEHWTIiH TYpaKThl ChIHU
HYKTeHi KaObLIJaUThIHBIH KepceTe/i. bys sKCoHeHMaNAbl MOTeHIMa FajlaM/bl 3BOJIOIUSHbIH
TYpaKThl ¢asacblHa amapa ajaTblHbIH KepceTeli. CoHbIMeH KaTap, 6i3 aFbIMJafFbl AdyipJAeri
CKaJISIpJIbIK 6piC YCTEM/ITiHIH HaKThl BU3YaJIU3alUsICbIH YCbIHA OTBIPHII, >KYHEHIH TpaeKTOpHUsIapbl
MeH TYPaKThLIbIK KYPbLJIbIMbIH CypeTTey YilliH ¢pa3ablK KEHICTiK uarpaMMasapbiH KOJlaHAMbI3.

Tyuin cesaep: [AuHamukanblK Tanazay, TypakTbl HYKTe, KBuHTecceHlusi, FapbllUTHIK YAey,
da3zaJbIK KeHiCTiK
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AHanus CTAMOHAPHBIX TOYEK AJIAd KPYTOro 3KCIIOHEHIUAJ/JIBHOTO IMOTEHI HAJIA

AHHoTanuA. B gaHHOW pa6GoTe MbI HCC/leAyeM AUHAMUYECKOe MOBeJleHHe KOCMOJIOTHYeCKON
MOJlesI¥, YIpaBJ/sieMON KpyTbIM 3KCIOHEHIMa/JbHbIM NOTeHLHasoM. Haule uccienoBaHue cocpe-
JIOTOYEHO Ha aBTOHOMHOM popMe ypaBHEHHUH 3BOJIIOIIMH, UTO MO3BOJISIET HAM HCC/IeA0BATh aCUMIITO-
THUYEeCKHE XapaKTEePUCTUKU MoJiesIu. Mbl CTpOoUM cucTeMy AuddepeHIIHaTbHBIX YpaBHEHUH [TepPBOT0O

A.H. T'ymunres amwindazor Eypasus yammorx ynusepcumeminityy XABAPIIBICBI. N24(153)/ 2025 17
Qusura. AcmpoHoMusl cepusicol
ISSN: 2616-6836. eISSN: 2663-1296



Muskan Khan, Mohd Shahalam

NopsAJKa, CBA3aHHYIO CO CKaJISIpHBIM NoJieM U paciiMpeHueM BcesenHo. KiiroueBas yacTh aHasiu3sa
3aKJIl0YaeTCsl B BbISBJEHHWM KPUTHUECKUX TOYEK KOCMOJIOTUYECKOH Mojesd. Mbl onpejessieM
CBOMCTBA YCTOWYMBOCTU 3THUX TOYEK UHepe3 COOCTBEHHbIE 3HAUeHUs, KJAacCUOUUUPYS HUX Kak
YCTOMYHBbIE, HEYCTOMYHBbBIE WJIH CeAJIOBble. ITa KjacCUUKAIUA AaéT LleHHYI HHpopMalHio O
TOM, KakK BcesieHHas MoXeT KayeCTBEHHO 3BOJIIOLJMOHUPOBATH IMOJ BO3JAEWCTBUEM KpYyTOroO
3KCIOHEHIMAaJbHOr0 MOTeHIMasa. Hamuy pesyabTaThl MOKa3bIBAIOT, YTO JJis ONpeAeséHHbIX
JlMalla30HOB MapaMeTPOB MOJieJb AONYyCKAeT YCTOUYUBYIO0 KPUTUYECKYI0 TOUKY, KOTOpasi AelCTByeT
KaK aTTpPaKTOp MO3JHero BpeMeHMU. ITO yKas3blBaeT Ha TO, YTO 3KCIOHEHI[UAJbHbIA MOTEHIHaJ
MOXKeT NMOJATaJKUBAaTh BcesleHHYH K cTabuibHOU ¢dasze 3BoJOIUU. KpoMe TOro, Mbl UCMOJIb3yeM
AuarpaMMbl $pa3zoBOro NpoCTPaHCTBA AJS WIIIOCTPALMU TPAeKTOPUN U CTPYKTYPbl YCTOMUUBOCTU
CHUCTEMBI, NMpejJiaras HarJsAHyH BU3yaJad3aljll0 JOMUHHUPOBAHUS CKaJSPHOrO MOJsS B TEKYLIYIO
3MOXY.

KnawueBsble cja0Ba: /[uHaMmuyeckuil aHaius, HenmogBukHas Touka, KBUHTacceH1us, KocMmuueckoe
yckopeHure, Pa30Boe NPOCTPAHCTBO
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