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Abstract. We present an extension of the Covariant Confined Quark Model
(CCQM) that enables a consistent description of radial excitations of heavy
quarkonia. The conventional CCQM formulation, based on static constituent
quark masses, faces a limitation in describing states whose squared mass
exceeds the sum of the squared constituent masses. To overcome this, we
introduce a running constituent quark mass in the quark loop, allowing an
accurate representation of excited hadronic decays. The binding energy of
an excited state is assumed equal to that of the corresponding ground state,
leading to a simple mass relation between quarkonia and their constituents.
Model parameters are determined from experimental data on leptonic decays
of charmonia and bottomonia, showing excellent agreement with observations.
Furthermore, an orthogonality condition for radial excitations is implemented
through modified vertex functions, ensuring that distinct excited states do not
mix. This refinement leads to improved internal consistency and predictive
power of the CCQM for excited hadronic systems.

Keywords: the covariant confined quark model, radial excitations, running
constituent quark mass, quarkonium, charmonium, bottomonium, leptonic
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Introduction

The Covariant Confined Quark Model (CCQM) has proven to be a powerful and flexible
framework for investigating a wide range of processes involving mesons and baryons. Within
this model, hadrons are represented as bound states of constituent quarks, with confinement
implemented through an infrared cutoff in the quark loop diagrams. The CCQM has successfully
described numerous hadronic decay modes - strong [1-5], electromagnetic [6], semileptonic [7-9],
and nonleptonic [10-12] - providing consistent predictions in good agreement with experimental data.

However, the conventional CCQM formulation employs static constituent quark masses,
which restricts its applicability to ground states and low-lying hadrons. In particular, it fails
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to describe the decays of highly excited mesonic states, where the squared mass of the hadron
may exceed the sum of the squared constituent masses. This limitation prevents the model from
capturing the full quark-antiquark dynamics in radial excitations of heavy quarkonia such as
charmonium and bottomonium.

To overcome this problem, we propose an extension of the CCQM by introducing a running
constituent quark mass in the internal quark loop. This modification preserves the basic
principles of confinement and covariance while allowing the model to remain applicable across
the full quarkonium spectrum. The running mass is determined by assuming that the binding
energy of excited states is equivalent to that of the ground state, which provides a simple and
physically transparent relation between quark and meson masses.

In addition, we formulate an orthogonality condition for radial excitations to ensure that
different excited states do not mix within the model. This is achieved through a systematic
construction of vertex functions that satisfy orthogonality constraints, leading to a self-
consistent and hierarchically organized spectrum of quarkonium states.

The aim of this work is therefore twofold: to generalize the CCQM framework to accommodate
radial excitations of heavy quarkonia through a running quark mass mechanism, and to
implement the orthogonality condition for excited-state vertex functions, thereby improving
the model’s internal consistency and predictive capability.

Theresults presented here demonstrate that the extended CCQM reproduces the experimental
data for leptonic decays of charmonia and bottomonia with high precision and offers a reliable
tool for future studies of excited hadronic systems.

The Literature review

The study of heavy quarkonia has been approached using a variety of theoretical frameworks,
each aiming to describe the mass spectra, decay constants, and other properties of these bound
states. [13] employed a contact interaction model within the Dyson-Schwinger and Bethe-
Salpeter equations, successfully reproducing masses, decay constants, and charge radii of
charmonium states such asn_(15), J/¥(1S), x, (1P), and x_, (1P) in agreement with experimental
data. Their approach emphasizes the role of symmetry-preserving interactions in modeling
quark-antiquark dynamics.

[14] used a nonrelativistic potential model based on the Cornell potential, solving the
Schrédinger equation numerically to calculate mass spectra and decay properties of heavy
quarkonia. This approach demonstrates that simple potential models, calibrated with quark
masses and coupling strengths, can provide reliable predictions compatible with experimental
observations.

[15] extended the study of quarkonia using a light-front relativisticapproach with holographic
techniques, including one-gluon exchange and running couplings. Their framework allows for a
detailed description of the mass spectrum, decay constants, and spatial distributions, producing
results that reasonably match experimental data.

On the experimental side, the ALICE Collaboration [16] provided measurements of inclusive
production cross-sections of J/y, ¥(2S), Y(1S), Y(2S), and Y(3S) in proton-proton collisions at
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\/ s =8 TeV, giving essential input for testing theoretical models of quarkonium formation and
decay dynamics.

While these studies offer important insights, many of them are limited in addressing the
dynamics of radially excited states consistently across different quarkonia. In particular,
models with fixed constituent quark masses face challenges in describing states whose squared
mass exceeds the sum of squared constituent masses. Our work addresses this limitation by
extending the Covariant Confined Quark Model (CCQM) with a running constituent quark mass
mechanism and implementing orthogonal vertex functions, providing a general and internally
consistent framework applicable to a broad range of heavy quarkonia and their excitations.

The Covariant Confined Quark Model

We start from represent basic principles and terms of the CCQM. The interaction Lagrangian
is main object of the model. It describes essential properties and an interaction of constituent
quark with hadron. General form of the Lagrangian has following form

L. (x)=g H(x)](x) + h.c,, (D

where g is a coupling constant corresponds to interaction of hadronic field H(x) with
interpolating quark current J(x). In the case of quarkonium when meson consist from q q pair
Hermitian conjugate part coincides with initial. The interpolating quark are presented as

J)=[fdx, dx, F(x; x, x,)q (x )Tq(x,), (2)

here, F(x; x,, x,) is a vertex function which defines the nonlocality of our model and T is
y-matrix of Dirac and can be chosen from quantum numbers J*¢ of quarkonium. In coordinate
space vertex function has following form

F(x; x, x,) = 6(x-w, x,-w,x,)P[(x_1-x,)], (3)

8-function is introduced for conservation of the translation invariance, second term @[(x,x, J’]
is a function which is in the momentum space chosen to has exponent form to avoid any of
ultraviolet divergence.

On first step of calculation, one has to expand the S-matrix in the second order of the interaction
Lagrangian to obtain coupling constant. To proper computation of the coupling constant and
avoid double counting of freedom degree of quarks one should use the so-called compositeness
condition, which is expressed in terms of the derivative of the meson mass operator:

d
Zy =1 —gzd—pzﬂ(pz) =0 (4)

This condition was proposed by Salam and Weinber and means that quark degree of freedom
excepts from physical state. In other words, quarks cannot be found in isolation. The relation
corresponds to mass operator in the case of quarkonium state has the following form
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(5)

4 ~
1% =1 (g — 22 N, [ 25 B(—k?) trly#S(k + wyp)y"S(k + wap)].

p? (2m)*i
where g,, is metric tensor, N =3 is number of quark colors, k is loop momenta, w,=w,=1/2,
1
Stk) = —%is a free propagator of a constituent quark with mass m.
The CCQM has six previously fixed parameters for ground states of hadrons, such as a

constituent mass of quarks and cutoff parameter, which helps to avoid any of infrared divergence.
The value of these parameters presented in Table 1.

Table 1. Model parameters: quark masses and cutoff parameter A (in GeV units).

m /m, m m m A

S c b
0.241 0.428 1.67 5.04 0.181

There is also a size parameter of hadron, whose variation enables a proper reproduction of
the observables. In the case of meson we take leptonic decay constant and attempting to fit our
value to experimental or lattice QCD data. We then use this quantity to predict other properties.
Table 2 represents masses and leptonic decay constants for radial excitations.

Table 2. Masses of charmonia and bottomnia from PDG and leptonic decay constants (in GeV
units).

I/

w(2S)

Y(1S)

Y(2S)

Y(3S)

ﬁl 1))

folS)

3.096900(6)

3.68610(6)

9.46030(26)

10.02326(31)

10.3552(5)

0.4154

0.715

Our prediction of the branching ratios of the leptonic decays of charmonia and bottomonia
based on a size parameter and values from Table 1 and Table 2 is presented in Table 3.

Table 3. Charmonia and bottomonia size parameters and leptonic branching fractions.

Meson I/ Y(1S)
A, =2.795 GeV A, =4.03 GeV
ccQM Exp. cCQM Exp.
Br(qq~t T) 2.46(7) 2.60(10)
Br(qq-u i) 5.964(40) 5.961(33) 2.48(7) 2.48(5)
Br(qq—e’ ¢) 5.964(40) 5.971(32) 2.48(7) 2.38(11)

Running Constituent Quark Mass for Radial Excitations

To extend the applicability of the Covariant Confined Quark Model (CCQM) to excited
quarkonium states, we introduce the concept of a running constituent quark mass in the
quark loop. The key assumption of this approach is that the binding energy of a radially excited
quarkonium system qq " is approximately the same as that of the corresponding ground state V..
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We define the binding energy of the ground state as
E=m,-2m_, (6)

where m, and m., denote the mass of the ground-state meson and the constituent quark
mass, respectively.

For an excited vector meson V', the constituent quark mass mq,is then determined by the
condition that the total binding energy remains unchanged:

my = —£—., (7)

This simple relation ensures a smooth and physically motivated dependence of the constituent
quark mass on the quarkonium excitation level, while preserving the internal consistency of the
model.

The ground-state quark masses used in this analysis are taken from Table 1. Using these
fixed quark masses, the corresponding size parameters A, of the meson vertex functions are
determined by fitting the CCQM predictions to the experimental data on leptonic decays V- I I.

The obtained values of A, and the predicted leptonic branching fractions for charmonium
and bottomonium states are summarized in Tables 4 and Table 5, respectively. The results
demonstrate excellent agreement between the CCQM predictions and experimental
measurements across all considered decay channels.

Table 4. Charmonia results: size parameters and leptonic branching fractions using a running
constituent quark mass.

Meson I/ Y(2S)
A =2.795 GeV A =0.463 GeV
CccQM Exp. CCQM Exp.
Br(qq-t1" T) 0.31(1) 0.31(4)
Br(qq-u* i) 5.964(40) 5.961(33) 0.81(2) 0.80(6)
Br(qq—e* €) 5.964(40) 5.971(32) 0.81(2) 0.79(2)

Table 5. Bottomonia results: size parameters and leptonic branching fractions using a running
constituent quark mass.

Meson Y(1S) Y(2S) Y(3S)
A, =4.03 GeV A, =3.77 GeV A, =3.01 GeV
CCQM Exp. CCQM Exp. CCQM Exp.
Br(qq-1* T) 2.46(7) 2.60(10) 1.92(0.5) 2.00(21) 2.17(3) 2.29(30)
Br(qq-u* 1) 2.48(7) 2.48(5) 1.93(0.5) 1.93(18) 2.18(3) 2.18(21)
Br(qq—e* ¢€) 2.48(7) 2.38(11) 1.93(0.5) 1.91(16) 2.18(3) 2.18(20)
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While the introduction of a running constituent quark mass extends the Covariant Confined
Quark Model (CCQM) to describe the mass spectrum and leptonic decays of excited quarkonia,
an additional refinement is required to ensure the internal consistency of the model. Specifically,
different radial excitations of the same quarkonium family must remain orthogonal, i.e., they
cannot transform into one another via a single quark loop. To enforce this physical requirement,
we implement an orthogonality condition for the vertex functions of radially excited states.

We represent the vertex function of an n radial excitation as a polynomial modification of
the ground-state vertex function @, (-k?):

q)n(_kZ') \: (1’+ Z?n=1 Cm+n-1 (Snkz)m)(DV(_snkz)’ (8)

where the coefficients ¢, are determined by requiring that the corresponding meson
amplitudes be mutually orthogonal within the quark loop integral and upper indexes is the
degree.

The orthogonality condition is expressed as

(5= 22 5 0, 0 eyt (e 20) s (2] =0

for n#m, and p is the meson four-momentum. Let us take a precisely look on this relation.

There are "(”“)

condition forc__  coefficients for n>0, where n=0is ground state of quarkonia.
Moreover Eq. (9) ensures that the wave functions of distinct radial excitations - such as /Y and
Y(2S), or Y(1S), Y(2S), Y(3S) - do not mix under quark-loop transitions. We start by considering a
simpler charmonium system. //i) and ¥(2S) mesons have the following view of vertex functions

Do(—k?) = Oy (—sok?) for J /¢

(Dl(_kz) = (1 + Cl Sl kz)q)v(_slkz) fOI‘ IP(ZS) (10)
Then orthogonality condition Eq. (8) can be rewriting as
VoVi = My (s, $1) + €151 M5 (s, 51) = 0 (11)

here Mi (s, s,) is a matrix element form Eq. (9), where s, and s, are the parameters of vertex.
The low index of M satisfy to power of k? before the vertex function.

From this expression, it easily follows that the coefficient c,=-M (s, s )/(s,M, (s, s, )). Having
discussed the procedure of fixing c, coefficient for charmonium state, we now turn to a more
complex case: the excitations of bottomonium. Here appears 3 complicate structures

(Do(_kz) = CDv(_SokZ) fOI' Y(].S) 12
D, (—k?) = (1 +¢; 51 k)P (—s,k?) for Y(25). (12)
Dy (—k?) = (1 + ¢z 52 k? + ¢3 55 kM) Py (—s,k?) for Y(3S)
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This relations occurs to the following system of equations
Mo (Sg,81) + €181 M5(S9,51) =0
My (g, S2) + €25,M5 (50, 52) + C35221\/14(50;52) =0
My (s1,S2) + €181 My(S1,S3) + €25,M5 (51, 53) + €151C25, My (51, S2)
+C3522M4(51»52) + 6151C35%M6(51152) = 0.

(13)

First equation limits ¢,=-M, (s, s )/(s,M, (s, s, )). Thus, in the system of equation include only
two unknown parameters c, and c,. We can obtain them from the following system
C252M5 (59, 52) + €355 My (S0, 52) = =My (5o, 52)
C2(52M2(51,52) + €1515:My (51, 52)) + c3(55Ma (51, 52) + €15155Mg(51,52)) (14)
= —My(51,52) — €151 M5(1,52).
Let us identify the coefficients from these linear equations by using a method so-called
Cramer’s rule. It is easy to see that we get

_ S;M, (s, 52) 5§M4(50»52)
A = det ) 5
SaM,(s1,52) + €1515;M4(51,52)  s5M4(S1,S2) + ¢15155Mg(54, S5)
_ —My (S0, S2) 322M4(50'52) (15)
A, = det ) 5
—M(51,52) — €151 M5(51,82)  s5My(sy,5) + 15155 Mg(sy, S2)
A, = det( 52M5 (50, 52) —M;(So, 52) )
3 SoM5 (51, 52) + €515, My (S1,52)  —Mo(S1,S2) — €181 M(S1, S2)

Finally, after all necessary calculations, all three coefficients can be written in a way that
prevents mixing between high- and low-lying excitations

c1 = —Mo(So,$1)/ (51 M2 (S0, 81)) €2 =D3/A ¢y = Dy /A (15)
Discussion

The calculated branching ratios for charmonia and bottomonia show excellent agreement
with experimental data, confirming the model’s internal consistency. The implementation of an
orthogonality condition for the vertex functions guarantees that high- and low-lying excitations
remain independent, avoiding unphysical mixing. Polynomial coefficients are determined via
linear systems and Cramer’s rule, maintaining predictive power. We reproduce the data for
various decays of charmonia and bottomonia by introducing running constituent quark masses.
For instance, in case of W(2S) meson mass of charm quark is increased to mc=1.96679 GeV.
Similary, the mass of b-quark rises from m,=5.32768 to m =5.49365 for Y(2S) and Y(3S) mesons,
respectively. Numerical value of the coefficients in the orthogonal vertex functions are ¢,=0.802
for ¥(25) meson, and ¢,=1.979, ¢,=4.083, ¢,=2.235 for bottomonia.

As one can see the value of parameters and branching ratios of ground of charmnoium
and bottomonium were not changed at all. The reason of this if that we used a polynomial
modification of the ground-state vertex function in Eq. (8). Therefore, this update does not
introduce any changes to the previous results.
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Conclusion

We have extended the Covariant Confined Quark Model (CCQM) on the basis of general
principles, introducing a running constituent quark mass and orthogonal vertex functions to
describe radial excitations of heavy quarkonia. This approach provides a universal mechanism
that is not limited to specific states, allowing any quark model built on similar principles to
incorporate excited states consistently. By preserving the binding energy of the corresponding
ground state and enforcing orthogonality among radial excitations, the model avoids unphysical
mixing and maintains internal consistency. These developments significantly enhance the
CCQM'’s applicability to strong and electromagnetic decays of excited hadrons and open the
possibility for future studies of hybrid and multiquark systems.

The resulting framework reproduces leptonic decay constants and branching ratios of
charmonia and bottomonia in excellent agreement with experimental data using a minimal set
of parameters. Beyond quarkonia, this general mechanism can be applied to other hadronic
systems, including hybrids and multiquark states, providing a robust and predictive tool for
studying excited hadrons from first principles.
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AybIp KBapKOHMSIJIAPABIH, pagua/iibl KO3FaH KyiiepiH cunarray ymiiH Kopapuanrrs! Lllek-
TesreH Ksapk MoaeJiiH KeHeUTy

AngaTna. bi3 ayblp KBapKOHUMSJIApAblH pajyalibl Ko3FaH KylJepiH yiaeciMai cunaTrayfa MyM-
kiHzik 6epetiH KoBapuanTTsl lllekTenren Kapk Moaeniniy (KIIKM) keHelTisireH HYCKachlH yChIHA-
MbI3. TypaKThl KypaM/ac KBapK MaccasapblHa HerizgesnreH pactypJi KIIKM ¢opmynacel Kypamaac
MaccaJjlapblH, KBaJ|paTTapblHbIH, KOCBIHABICbIHAH apThIK KBAaJpaTTbIK Maccara vue KyuJjepzi cumart-
Tay/a lleKTeyJepre Tamn 6oJiajbl. bys MaceseHi mienty yuiiH 6i3 KBapk iJiMeriHze xypmeJi KypaMmaac
KBapK MaccachlH eHTi3/iK, 6yJ1 KO3FaH aJipOH/IbIK, bIJbIpay/iap/ibl dJ1 CUMIAaTTAayFa MYMKiH/[IK 6epe/i.
Ko3faH KyiliH 6ailJlaHbIC 3HEPTHUSChI COliKeC Heri3ri KyHaiH 6ailylaHbIC 3HePTrUSaChIHA TeH, Jen KaOblJ-
JlaHa/bl, 6YJ1 KBADKOHUS MEH OJIapAblH KypaM/lacTaphl apachIHAaFbl KapanaliblM Macca/blK KaThIHA-
CThl TyAbIpaZibl. MoJiesib mapaMeTpJiepi YapMOHHUS MeH OOTTOMOHUSHBIH, JENTOH/ABIK, blJblpay/apbl
GOMBIHIIA SKCIEPUMEHTTIK JlepeKTep Heri3iHje aHbIKTaJblI, 6aKplaayJlapMeH TaMallla COUKeCTIK Kep-
cetefi. COHbIMEH KaTap, pajgyasijbl KO3FaH KyWJep/iH OpTOrOHaN/JbIK apThl MoAUUKaALUsIaHFaH
BEpUIMHAJIBIK QYHKIMSAIAP apKbLIbI Ky3€ere achIpblIabl, Oy 9pTYpPJi KO3FaH KyWiep/iH apaJacmna-
ybIH KaMTaMachI3 eTeai. by xkeTtingipy KIIKM Mogeninin imki yineciMainirid »koHe Ko3FaH aIpoHABIK
KyHesiepii cunaTTayJarbl 60/KaMAbIK KabiseTiH apTThIpa/ibl.

Ty#iH ce3aep: KOBapUaHTThI LIEKTEJreH KBapK MoJesi, pajguanAbl KO3FaH Kyilaep, KypMedi
KypaM/Jiac KBapK Maccachl, KBAPKOHUH, YApMOHUH, 60TTOMOHMUH, JIEMITOHABIK bIABIPAY.

KK, Tionemucos*, A.E. TosieMucoBa
O6weduHeHHbIT UHcmumym sidepHuix uccaedosarut, [JyoHa, Poccuiickas Pedepayus
(E-mail: *zhomart.tyulemissov@gmail.com, akmaral.tyulemissova@gmail.com)

PacminpeHre KOBapMaHTHOM MO/ €14 KBAPKOB AJIS1 OMMCAHUSA PaJUajibHbIX BO30YKAeHU
TAXKEJIbIX KBADKOHUEB

AnHoTanusa. Mbl npejcrasiseM pacuimpenre KoBapuantHoi Mogenu Keapkos (KMK), koTopoe
obecrnedyuBaeT COIJIaCOBAaHHOE ONMCAaHKe paJihaJbHBIX BO30YKJEHHBIX COCTOSHUMN TAXKEJIBIX KBAPKO-
HueB. Tpaagunuonnas popmynupoBka KMK, ocHoBaHHast Ha CTaTUYECKUX MaccaxX COCTABHBIX KBAPKOB,
CTaJIKUBAETCsl C OTPAaHUYEHUSIMHU NPU ONHMCAHUU COCTOSIHUM, KBaJpaT MacCbl KOTOPBIX MpeBbILIAET
CYMMY KBaJI[paTOB COCTaBHbIX Macc. YT06bI NpeoAoieTh 3TO, Mbl BBOAUM OETYLIYIO MAcCy COCTABHO-
ro KBapka B KBapKOBOM IleTJie, YTO [103BOJIsieT TOYHO ONMChIBATh paclajbl BO30YK/JEHHBIX aZpOHOB.
JHeprus CBSA3U BO30YKAEHHOTO COCTOSIHUA MpeJIoJaraeTcsl paBHOW 3HEPTUM CBA3U COOTBETCTBYIO-
111er0 OCHOBHOTO COCTOSIHUS, YTO IPUBOAUT K NPOCTOM 3aBUCHUMOCTH MacC Me/1y KBApDKOHUEM U ero
COCTaBHBIMH YacTULaMU. [lapamMeTprl Mozie/1M oNpefe/IATCA U3 SKCIIePUMEHTA/NbHbIX JaHHBIX JIell-
TOHHBIX pacnaZioB 4apMoOHUA U GOTTOMOHHUS, JeMOHCTPUPYS OTJUYHOE COrJlacue ¢ HabJ/10[4aeMbIMHU.
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Extending the Covariant Confined Quark Model to Describe Radial Excitations of Heavy Quarkonia

KpomMe Toro, 6b1J1I0 MCMOJIL30BAHO YCJIOBHE OPTOTOHAJIBHOCTH AJI MOAUQPUIIMPOBAHHBIX BEPIIHH-
HbIX QYHKIUN paJuaJibHbIX BO30YXAEHHUH, YTO 00€eCleYrMBaeT OTCYTCTBUE CMENIMBAHUSA Pa3JIMYHbIX
BO36YKJIEHHBIX COCTOSIHUH. ITO YCOBEPIIEHCTBOBAHKE MOBLIIIAET BHYTPEHHIOW COIVIACOBAHHOCTDb U
npejcKasaTebHYy0 cioco6HocTh KMK npu onvcaHuu Bo30YKIEHHBIX aJ[pOHHBIX CUCTEM.

KioueBble c/I0Ba: KOBapyUaHTHas MoO/ieJib KBAPKOB, paJiuajbHble BO30YK/AeHUs, Geryijas mMacca
COCTAaBHOTO KBapKa, KBApKOHUH, YapMOHHUH, 60TTOMOHUH, JIENTOHHbIN pacnas,
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