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Abstract. This paper explores the phenomenon of gravitational redshift within
the framework of extended gravity models, which go beyond the conventional
Einsteinian General Relativity. The gravitational redshift is a key observable
manifestation of spacetime curvature and serves as an important tool for
testing theories of gravity. In the framework of general relativity (GR), it is
explained as a consequence of time dilation in a gravitational field. This paper
examines the features of the manifestation of gravitational redshift in various
generalized gravitational theories and conducts a comparative analysis of the
time predictions of these models with the results of observations, in particular,
near compact objects and on cosmological scales. We establish a relationship
between the redshift Z and the normalized scale factor 0!(1) of the universe,
linking it through the Hubble parameter H(T). We develop both analytical and
numerical approaches to examine the time evolution of redshift. By solving the
governing equations, we derive expressions for Z, O!(T), and their derivatives
concerning time. The results align with current cosmological observations and
provide new insights into the dynamics of the universe’s expansion. Additionally,
visualizations of the evolution of the scale factor; its first and second derivatives
over time, are presented. These findings contribute to a better understanding
of the complex interaction between gravitational forces and cosmic expansion.
Keywords: Gravitational redshift; scale factor; Hubble parameter; cosmological
models; generalized gravity.

Introduction

Perhaps one of the most important observable parameters of all cosmological objects is the
so-called redshift, based on which a conclusion is drawn about the expansion of the universe.
The essence of this phenomenon in cosmology is the shift of the emission spectrum lines of
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luminous objects towards longer wavelengths. It is known that excited atoms of rarefied gases
or vapors, which can occur when any chemical element is heated, emit light, the decomposition
of which on a prism forms a linear spectrum consisting of separate colored lines. At the same
time, each chemical element has a linear spectrum characteristic of it. This is due to the fact that
the atoms of such elements, isolated from each other, emit light only of certain wavelengths.
These waves have strictly defined resonant frequencies, which in special instruments -
spectroscopes - are visible as dark or light lines in certain parts of the spectrum characteristic
of this substance. The shift of these initial spectral lines of chemical elements towards longer
wavelengths, towards the "red" side, is called redshift. In cosmology, redshifts are denoted

by z and defined as a relative increase in wavelength z = /10/1—_'1.More generally, this equation
Z((t:)) = ;—0 = %0 All values marked with the index O refer to the
moment of wave reception . Since in the expanding universe, the wavelength of the received
signal is longer than the emitted one. The value called the redshift parameter is equal to the
relative increase in the wavelength of the received electromagnetic signal. The magnitude of
the redshift depends on the relative speed of the objects - the transmitter, the wave generator,
and the receiver, so the redshift allows you to determine this relative speed [5-6]. Gravitational
redshift is a critical observational effect in cosmology, indicating the interaction between light
and the gravitational field of an expanding universe [1]. In standard cosmological models, this
phenomenon is typically described by the relation between redshift z, scale factor a(t), and
the Hubble parameter. However, more general gravity theories, which extend the framework of
General Relativity, present new opportunities for exploring redshift in a broader context.

This study aims to derive both analytical and numerical solutions for the evolution of redshift
within generalized gravity models. By considering a normalized scale factor, we analyze how
redshift depends on time and the Hubble parameter, providing a detailed examination of the
universe’s expansion [2].

is written as follows 1+ z =

Theoretical Framework

The FLRW metric:

ds? = —dt? + a(t)?[dx? + dy? + dz?] (1)

X==3¢" @)

R=6(+(2)) 3)

F(R,X) = R + aX? + BR? - includes a quadratic curvature (as in the old inflationary models
of the Starobinsky type) and a nonlinear kinetic term characterized by a nonlinear k - essence.
Connection with redshift:

14z=—— (4)
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It is possible to express z(t) and study its evolution depending on the solutions of the
equations flowing into the model f (R, X).
The normalized scale factor & (f ) is connected to the redshiftz through the following equation:

a
l+z==2, (5)
a
From the definition of the Hubble parameter:

1

H= Ho(t—to) (6)
This simplifies to:
daz
U =~ G 7

For simplicity, we assume a time-dependent Hubble parameter, which allows the equation
to be solved numerically. Upon integrating, we obtain expressions for and, providing a time-
evolving model for the redshift [3].

1

H=—2—
Ho(t—to)’ (8)

dz dz
dt = — = — 1 9
(1+Z)H(t) (1+Z)Xm ( )

Integrating Time and Redshift. By integrating both sides, we derive the explicit relationship
between time and redshift:

[ == —Hy [ (10)

(t-to) 1+z

dat
f(t_to) = In|t — to| + C; (1)

dz

The integrations yield:

In|t-t, |=-H, In|1+z|+C (13)
In|1+z| = —% (14)

where C is the constant of integration. Rearranging this, we have:

. _c 15
|1+ 2z|=(t—t) Hox e Ho (15)
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The Final Formula for Redshift. The redshift z can now be expressed as:

2= ((t =t x eTo) - 1 (16)
(G )

Results and discussion

This equation directly relates redshift z to the time t, considering the universe’s expansion.
We can derive the evolution equation for the redshift:

Physical Interpretation. This formula explains how the wavelength of light changes as
the universe expands. In generalized gravity models such as ./ (R, X), it plays a crucial role in
describing the geometry and evolution of the universe.

The parameter H, defines the rate of expansion, while C corresponds to the initial conditions.
The redshift z encodes the observational evidence of this expansion through light emitted by
distant objects [4-8].

For simplicity, we assume a time-dependent Hubble parameter, which

h allows the equation to be solved numerically. Upon integrating, we obtain expressions for
and, providing a time-evolving model for the redshift.

Numerical Results and Graphical Representations
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Figure 1. illustrates the linear increase of a(t), consistent with an accelerating universe
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Figure 2. Highlights a(t ), showing a slight deviation near specific intervals, indicating transition
phases.
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a(t), with the negative values transitioning to positive as the acceleration

overtakes deceleration.

Figure 3. showcases
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Graphical . a(t)d(t) a(r) . :
phical Analysis of and Figures 1, 2, and 3 present the behavior of the scale
factor a(t), its first derivative d(t ) and second derivative 4 ), respectively, over time.

Key Observations. From these graphs, it becomes evident that the scale factor exhibits a
steady increase, while the acceleration a(t) undergoes significant variation due to the effects of
generalized gravity.

Figure 1 a (t) increases linearly a(t) x t"n > 1 and a(t) « ef’*. Figure 2 a (t) - changes
slightly. The variable acceleration model g(t) o Smhé(at) and a(t) « t™ + ye?t, as in the
transition from matter to dark energy. Figure 3 a (t) from negative to positive value.

The physical meaning a(t).a(t) = d—?. This is the rate of change in the scale of space over
time, that is, how much a (t > 0) - The universe is expanding, and & (t < 0) compression occurs
(in a collapsing model), a (t) the bigger, the faster the expansion takes place.

b

2
The physical meaning d(t).d(t) = % .Thisisanacceleration of the expansion or deceleration

of the universe d (t > 0) - the universe is expanding at an accelerating rate, d ('t < 0) - expansion

slows down. a (t) = 0 the scale factor is uniform. This equation is included in the second-order

tion & = _ 47¢
equation - . (p + 3p)

Conclusion

The derived formulas and numerical results provide a comprehensive view of the relationship
between the scale factor and redshift in generalized gravity models. This study emphasizes the utility
of alternative approaches to describing the universe's dynamics. By considering extensions of classical
general relativity, we gain deeper insights into the accelerating expansion of the universe.

The contribution of the authors

Yerzhanov K.K. - set tasks and general adjustments;
Sergazina A.M. - writing an article, collecting material;
Murzakul T.R. - plotting graphs;

Baurzhan G.B. - plotting graphs.

References

1. A. Einstein, The foundation of the general theory of relativity, Annalen der Physik, 49(7): p.769-822
(1916). DOI: https://doi.org/10.1002 /andp.19163480702.

2. S. Weinberg, Cosmology (Oxford University Press, 2008).

3. C. W Misner, K.S. Thorne, ]. A.Wheeler, Gravitation (W. H. Freeman and Co., 1973).

4.S. Carroll, Spacetime and geometry: An introduction to general relativity (Addison Wesley, 2003).

5. KK, Yerzhanov, B. Meirbekov, G. Baurzhan, R. Myrzakulov, Cosmological solutions of F(RT)
gravity model with k-essence. Journal of Physics: Conference Series (2019), available at: https://www.
webofscience.com/wos/woscc/full-record/W0S:000739070400001.

6. KK. Yerzhanov, G. Baurzhan, A. Altaybaeva, R. Myrzakulov, Inflation from the symmetry of the
generalized cosmological model, Symmetry 13(8)(2021), available at: https://www.webofscience.com/
wos/woscc/full-record/W0S:000554820300163.

7. D. Momeni, K.K. Yerzhanov, R. Myrzakulov, Quantized black hole and Heun function, Canadian
Journal of Physics 90(9): p.877-881, (2012), available at: https://www.webofscience.com/wos/woscc/
full-record/W0S:000308973200006.

28 N22(151)/ 2025 A.H. I'ymures amvindazor Eypasua yammuix ynueepcumeminity XABAPIIBICHI.
DQusura. ACmpoHOMUsL cepusicol
ISSN: 2616-6836. eISSN: 2663-1296



Gravitational Redshift in Generalized Gravity Models

8. T. Ibrokhimov, Z. Turakhanov, F. Atamuratov, A. Abdujabbarov, K.K. Yerzhanov, G. Baurzhan, A.
Abduvokhidov, Testing regular scale-dependent black hole space time using particle dynamics: Shadow
and gravitational weak lensing, Physics of the Dark Universe 45, (2025), available at: https://www.
webofscience.com/wos/woscc/full-record/W0S:001398426900001.

K.K. Ep>xaHoB!, A.M. Ceprazuna*!, T.P. Mbip3aky.n?, [.b. Bayp:kan?!
JLH. I'ymunes amviHdarsl Eypasus yimmeolk yHusepcumemi, Acmawna, Kasakcmau
?Kazax ¥ammuoik [ledazozukaawik YHueepcumemi, Aamamsi, Kazakcman
(E-mail: almira_240794@mail.ru)

KannblJlaHFaH rpaBUTAlUAJBIK Moaema,aep,aeri rpaBUTAlUAJBIK KbI3bIJI AYBICY

Angarna. Bys Makasaga IUHIITEWHHIH »KaJlbl CaJIbICThIPMaJIbLIBIK TEOPUSIChIHBIH, IIeHOEepiHEH
HIBIFATBIH KEHEUTIJIeH rpaBUTALUSAJIBIK MOJesb/Jiep HieHOepiHAeri rpaBUTALUANbIK KbI3bLI BIFBICY
KYOBbUIBICHI 3epTTeJreH. [paBUTANUAIBIK KbI3bLJ BIFBICY KEHICTIK-YaKbIT KUCBIKTBIFBIHBIH HeTi3i
6alKblIaThIH KOepiHici 60JbIN Tabblaa/1bl )K9HE IPaBUTALUAJBIK TEOPUSIAP/bl CbIHAY YIIiH MaHbI3/Ibl
Kypaa peTiHJe KbI3MeT eTefi. Kajmbl cajbICThIPpMaJbUIBbIK 1LIeHOepiHJe OJ1 TpaBUTAIUSJIBIK
epicTeri yakbITTbIH, KEHEIOIHIH ca/iapbl peTiHAe TycCiHAipinegi. Bys KyMbIC opTYpJli KaJblIaHFaH
rpaBUTALUSJIBIK KbI3bLJ BIFBICY KOPIiHICIHIH epekilesikTepiH KapacblpaZbl xKaHe OYJ MoAeNbAep/iH
Go/mKaMapblH OaKblIAy HOTHXKeJepiMeH, aTal alTKAH/AaA, »KUHAKbl 00beKTiiep/liH *KaHbIH/A JKoHe
KOCMOJIOTUSIJIBIK MaclliTabTa cajJbICThlpMasjbl Taajgay XKyprisefi. bi3 xa66s1 mapaMeTpi apKblibl
6GalIaHBICThIPA OTBIPHII, KbI3bLJI bIFBICY MEH FAJIAMHBIH HOPMaJslaHFaH MacuiTab GpaKkTophl apackiH/ia
6aiyaHbIc opHaTaMbI3. bi3 redshift yakbIT 3BOTIOIUSACHIH 3€PTTEY YILUiH aHAJUTUKAJIBIK }KoHE CaH/IbIK
TacinaepAia3ipeiiMis. backapy TeH/ ey siepiH lielle OTbIPbII, PHEKTEP/li aJlaMbl3 YIliH, )K9He 0J1ap/IblH,
TYBIHIBLIAPBI YaKbITKA KAaThICTbI. HoTIKesiep Kasipri KocMoIoTHAJBIK 6aKblIayiapFa colikec Kesefi
»K9He FaJlaMHbIH KEHEI0 JMHAMUKAChl TypaJbl )kaHa TYCiHik 6epesi. COHbIMEH KaTap, yaKbIT 60MbIHIIA
MaclTab GpaKTOPbIHBIH 3BOJIIOLMSICHIH, OHBIH, 6ipiHILi XK9He eKiHIU TybIH/blIaPbIH BU3ya/ir3aLusiiay
YCBIHBUIFaH. ByJl HOTHXKeslep IpaBUTALMAJBIK KYIUTEP MeH FapbIIITHIK KEHEI apacblHAAFbl KypZeJi
©3apa apeKeTTeCy/li XKaKCbIpaK TYCiHyre bIKNaJ eTexi

Ty#iH ce3gep: [paBUTALUANBIK KbI3bLJI BIFBICY; MacuTab ko3dpduuueHTti; Xa66s1 mapamerpi;
KOCMOJIOTUSLJIBIK, MOZeJIbJIeD; KaJIIIblJIaHFaH aybIpJIbIK KYILi.
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FpaBHTaHHOHHOG KpaCHO€ CMellleHuE B OGOGHLGHHLIX rpaBUTAllUOHHBIX MOJAEJIAX

AHHOTanus. B JaHHOW cTaTbe UCCAeAYyeTCS sIBJeHHWEe TPaBUTALMOHHOTO KPAaCHOrO CMeLIeHUs
B paMKax paclIMpeHHbIX PaBUTALMOHHBIX MOJiejiel, KOTOpble BBIXOJSAT 3a paMKH TPaJUIMOHHOU
0011lell TEOPHUM OTHOCHUTEJBHOCTH JWHIITEWHA. [paBUTAI[MOHHOE KpAacHOe CMellleHHe MpPe/ICTaBJsgeT
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co60¥ KJII0UeBOe HabJ0JaeMoe POsiBJIEHUE KPUBU3HBI IPOCTPAHCTBA-BPEMEHU U CIYKUT BaXKHBIM
WHCTPYMEHTOM [IJisl IPOBEPKH TeOpUH rpaBUTalMU. B pamkax o61eit Teopun oTHocuTesabHOCTH (0TO)
OHO OOBSCHSIETCS KaK CJIeJICTBHUe 3aMe/iJIeHUs] BpeMeHU B I'paBUTAIlMOHHOM IoJjie. B 3Tol pa6oTe
paccMaTpuUBaOTCSI 0COGEHHOCTH NMPOSIBJIEHHS TPABUTALMOHHOT'O KPAaCHOTO CMeIeHUs B 0600611 eHHbIX
IrPAaBUTALMOHHBIX TEOPHUSX, MPOBOAUTCA CPAaBHUTEJbHbIM aHa/JW3 NpeJCKa3aHUN 3TUX Mojiesel ¢
pe3yJbTaTaMy HAGJIIOIEHUH B YaCTHOCTH, BOJM3M KOMIIAKTHBIX OObEKTOB M Ha KOCMOJIOTHYECKHX
Macutabax. Mbl ycTaHaBJIMBAaeM B3aUMOCBSI3b MeXJYy KpacHbIM CMellleHHeM U HOpMaJIM30BaHHBIM
MaciTabHbIM KoadduineHTOM BecesleHHOM, CBsi3bIBasi ero yepe3napameTp Xab6J1a. Mbl pa3pabaTbiBaeM
KaK aHaJIMTUYeCKUe, TaK U YHCJIeHHble NMOAXOAbl [JJIsl M3yuyeHHs M3MeHEeHUsI KPacHOro CMeLleHUs
BO BpeMeHU. Peltasg oCHOBHbIE ypaBHEHHs, Mbl MOJy4aeM BbIpaKeHUs [AJIS1 U UX NMPOU3BOAHBIE IO
BpeMeHU. Pe3y/bTaThl COracyoTcs € TEKYLIMMU KOCMOJIOTUMECKUMHU HAGJII0JeHUSIMU U AT HOBOE
npe/icTaBJeHrde O JWHAMUKe paciivpenusi BcesenHoil. Kpome Toro, mpejicTaByieHbl BU3yad3aluy
M3MeHeHHUs] MacliTabHoro koapouiMeHTa, ero MepBOd M BTOPOM MNPOU3BOAHBIX C TeYEHUEM
BpeMeHH. ITH pe3y/bTaThl CIOCOGCTBYIOT JIydllleMy NOHUMAaHUIO CJI0’KHOT'O B3aUMOJIEUCTBUS MEXAY
IrPaBUTANMOHHBIMHM CUJIAMHU U KOCMHUY€CKHUM pacCIIupeHHEM.

KioueBble c/10Ba: rpaBUTAIMOHHOE KPACHOE CMellleHHe; MaclITabHbIA K03dQUIMEeHT; mapamMeTp
Xa66.1a; KOCMOJIOTHYECKHE MO/IeJTH; 06001[eHHasA IpaBUTAIHS.
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