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MPHTU 27.31.21
Z. K. Shanina

L.N.Gumilyov Eurasian National University, Nur-Sultan, Kazakhstan
(E-mail: shaninazk@gmail.com,)

Dispersionless limit of the Konno-Oono equation

Abstract: The study of integrable systems or solvable nonlinear differential equations (NDE)
has been an active area of research since the discovery of the inverse scattering method. These
equations are in a sense universal because they are found in many areas of physics and mathematics.
By integrable systems, we mean those that have an infinite hierarchy of symmetries and conservation
laws. There are several parallel construction schemes for the integrated systems. In addition to the
integrable NDE, there is another important class of integrable partial differential equations: the so-
called integrable hydrodynamic equations often called dispersionless equations. They often arise in
various physics and mathematics problems and have been intensively studied in recent years. In this
paper we investigate the coupled integrable dispersionless equation and its reduction. The disper-
sionless (quasiclassical) limit for the Konno-Oono equation is obtained and the Lax representation
is constructed, which proves its integrability.

Keywords: Konno-Oono equation, dispersionless limit, Lax representation

DOI: https://doi.org/10.32523/2616-6836-2019-129-4-93-98

1.Introduction. During last few decades, the study of coupled nonlinear evolution equations
has played an important role in explaining many interesting phenomena, such as the propagation of
electromagnetic waves in impurity media, water waves, momentum in a biological circuit, etc. At
the same time, the coupled integrable dispersionless equations (CIDE) aroused great interest due
to their wide application in various fields of mathematics and physics, such as string theory, field
theory, soliton theory, etc. [2]-[3]. Coupled integrable dispersionless systems are important equations
of two-dimensional field theory. CIDE was first presented by Konno and Oono in [4] on the basis
of the Lie group, and its generalization is an example of such a system |[3]|-|5], which aroused great
interest through their good structure, integrability and the possibility of obtaining a soliton solution.

2.The reduction of M-XXXII equation as Konno-Oono equation. One of the important
sections of nonlinear integrable systems are the dispersionless equations. Currently, foreign scien-
tists, as well as a group of Kazakh scientists are conducting research in this area. New integrable
dispersionless equations and their Lax representations were proposed in the papers [6]-[9]. The
M-XXXII equation has the following form [6]

Qut — 4aq + 2py
et — 4ar — 2n,

\)

w

a; —0.5(rq)s +gqn—rp =
Nz + p —qn
Pz + 2iwp + 21q

Ng — 2iwn — 2nr

ot

I
oo oo oo
AN N N N N /N
\_/\_/b\_/\/\_/

(=)

where ¢, p are complex functions, r, n are conjugate complex functions of ¢ and p, respectively;
a,n are real functions, w is a constant.

1The work is performed under the financial support of the scientific and technical program (F.0811, 0118PK00935)
MES RK.
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2.1.Lax representation The M-XXXII equation (1)-(6) is integrable and its Lax representation
(LR) is

v, = UpVY,
v, = V.
Here
Up=—idos+Q, Vi=-F4+ @,
A A—w
where

_ (0 q _ a —0.5¢: —p _(n
Q_<7“ 0)’ F_<0.5Tt—n —a >’ G_<n —77)'

Note that from Eqgs. (4)-(6) we get the following important formula
7]2 + np = const
or, for simplicity,
172 +np=1.
2.2.Scale transformation
Consider the following scale transformation

a— 0.25p, (q,7) — 0.5(q,r).
Under this transformation, the M-XXXII equation (1)-(6) becomes

Gzt —pq+4pe. = 0,

et — Pr — 4Any

pz — 0.5(rq)y + 2(gn —rp) =
e +0.5(rp —qn) =

Pr + 2iwp+ng =

Ng — 2twn —nr =

oo oo o

)

I

2.3.Reduction p=n=1n=0
When p=n=n=0, it looks like
Get —pq = 0,
ree —pr = 0,
pz —0.5(rq)y = 0,

which is a more standard form of the generalized Konno-Oono equation (GKOE) with (r) — (—r)
[4]. Its LR is

v, = UV,
U, = Wy
Here
U =—ido3+Q, Vo= %F,
where

_( 0 0.5¢ _L/ip —a
Q_<O.5r 0)’ F_4<7"t —p )’

3.Dispersionless limit of the KOE
94



Z. K. Shanina

Reduction r = —q
The canonical members of the integrable system are the sine-Gordon (r = —¢ ), KdV (r = —1),
mKdV (r = +¢) and NLS (r = £q) equations. Here, we restrict our attention to the case r = —q
associated with the su(2) Lie algebra. At this reduction we obtain the following KOE
Gt —pq = 0, (7)
pa+0.5(lg) = 0, (8)

where the function ¢ can be represented as an exponential function
iS
q = \/ae €. (9)

Here u,S are real-valued functions, e is the quasiclassical limit from quantum mechanics corre-
sponds to the dispersionless limit. The differentials of this function with respect to ¢ and x are

[ut +zSt\/H] iS

Qt 2\/& € € b

Uy 1Sy /u| s
- <. 1
¢ [Qﬂ + € ] c (10)

Differentiating equation(10) by ¢ we obtain
Uy S:):St\/a 1 Sty + Sput iS
ot = — - S, _ <. 11
(G e o R e vl 1T -

Using the following scale transformations

d 0
— — 12
oz “or’ (12)
0 0
AN 1
ot ‘ot (13)
we rewrite the system of equations (7)-(8)
€4 —pg = 0, (14)

epz + 0.5¢(|g)*); = o.

Taking into account equations (9) and (11) we solve equation (14)

— S, S/t + e {(Sz\/ﬁ)t + gi;%} —pVu=0.

The limit at € — 0 of the resulting equation is called the dispersionless limit since the dispersion
term € vanishes. Then we decompose the last equation in powers of e

Ot - SuSwu - pVu=0,
& sy BT g

2y/u
After some simple calculations, we obtain

SxSt—l-p:O,
Sxt‘i‘%usa:utzo,
ut + 2p, =0,

where S, =v, S =0, 'v. As a result, we get the dispersionless limit of KOE in this form
VUL + YUg

= 0 15
vt + 2 ) ( )

up — 2(vyy +vvg) = 0, (16)

here v = 9, 1v; .
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4.Lax representation for dispersionless limit of KOE

To construct the LR of the equations (15)-(16), we consider the LR of the KOE as

Ui, = —iAU1 4 0.5q¥s, (17)
Vo, = —0.5q¥; 4+ iUy, (18)
and
i
Uy = —(p¥; — ¢V 19
1t 4)\(P 1= ¢Va), (19)
i
Vo = —(—qV; —p¥s). 20
2t 4/\( @V — p¥2) (20)
Here we take the function ¥ as the following exponential form
U, = e%()ﬁr)\ﬂﬁ)7
\1’2 = €6£(X+)‘x_895_1v)’

where x, & are real functions. Accordingly, their derivatives with respect to = and t are

Vio = < [ta+ NP, (21)

B = [t -]ty 2
and

Uy = éXtﬁé(XH‘x), (23)

Uy = |:§t+i(Xt_8;1Ut)§:| ot ctAz—0; 1) (24)

Applying the scale transformation (12) we obtain the equivalent ratio of the differential systems
(17)-(18), respectively

Wiy = (—id+0.5ya)ec o), (25)
Wyy = (—0.5/u—+iN)ecOrtre=dav) (26)
Substituting (21)-(22) in (25) and (26) we obtain
Xo + 2\ = —0.5i/ue. (27)
0.5y
= ——77—7——. 28
0 2
Considering (28) we rewrite (27)
0.25
Xo+ 22— —2% — . (29)
Xz — U
At x, = p the equation is reduced to the form
0.25
P2 — ——2 =, (30)
p—v

So, we obtain the spatial part of the LR. Next, we consider the second equation of LR. By transfor-
mation (13), we rewrite (19)-(20)

7 i
N, - " (p_ (xtAz) 1
eV 5\ (p—e€q)e ) (31)
i P
WUy = Y (—eq — p) e (XxtAz—=85"v) (32)

Equating the expressions (23)-(24) and (31)-(32) and decomposing into different degrees of € at the
limit € — 0 we obtain )
ixt = — (ip + Vuye) . (33)

4N
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We rewrite (33)by considering (28). Then

p uy
_——_——_—— = . 4
XN 8A(Xz — ) 0 (34)

We obtain the derivative with respect to x from (34). The change of variables in x, = p gives

pe 1 [ uy
_= =0. 35
PN T8 <p—v>x (35)
By the expression (30), the equation (35) takes the following form
Pz
S 2 =0.
Pr= oy Ty P20, =0 (36)

After simple transformations, the last expression can be written as

pt(2p —v) — 0.5u; + ppy = 0.
Thus, we obtain the LR for the system of equations (7)-(8)

0.25
pror+ 20—,

(p—v)
pe(2p —v) — 0.5u; +p,y = 0.

5. Conclusion

In this paper the integrability of KOE was established by constructing its Lax pair. The obtained
result is used to further study of the dispersionless equations. The system of equations (7)-(8)
researching us can be useful in the study of the dynamics of a current-fed string with infinite length
in a magnetic field.
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3.K. IITanuna
JI.H.lymuaes amovindaev, Bypasus yammok yrusepcumemi, Hyp-Cyaman, Kasaxeman

Kouno-OHo TeHaeyiHiH aucriepcusicbi3 mieri

Anparna. VarerpanganarbiH Kyiesepai HeMece miemiMi 6ap ChI3BIKTHI eMec auddepennmanablk rengeynepai (CEAT)
3epTTey Kepi MalIbIipay 94iCi allbLIFaH COTTEH bacrall 3epTTeyiiH OesiceHi casiachl 6ouibin Tabbuiaabl. Bys TeHzeysiep keitbip
MafblHala oMbebarl, cebebi osiap pusMKa MeH MaTeMaTUKaHBbIH KOITEereH caJjaJiapblHja aHbIKTauabl. VIHTerpaJsigaHaTbiH
JKylesep Jien MIeKci3 nepapxusicbl 6ap CUMMETPHUsi MEH CaKTally 3aHJapbiH TyciHemi3. VHTerpajjaHaTbIH »Kyiesepai Kypy/IblH
GipHellle apaJuieb cxeMaJjapbl 6ap.

Nurerpanpanarein CEJIT-nan 6acka, nepbec TybIHABLIAPAA WHTErPAIAHATBIH 1uddepeHnnaiIblK, TeHIeyIepAiH Tarbl 6ip
MaHBI3/IbI CBIHBIOBI 6ap: KUl JUCIEPCUACHI3 TEHEYJIED Jell aTaJlaThlH IUIPOIMHAMUKAJIBIK, TYP/Eri MHTErpaJIIaHaThIH TEHIEYJIep.
Outap ¢dhusuka MeH MaTeMaTHKAHBIH dPTYPJI ecenrepinje »kui naiija 60/ajibl }K9HEe COHFBI XKbLIJAPbl KAPKBIHIBI 3€PTTENIY/IE.
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Byn KyMbICTa MHTErpaJiIaHATBHIH JUCIEPCUACHI3 TEHJEY KOHE OHBIH, peAyKIusanapbl 3eprrengi. Kouuo-Ono Tenzeyi yuiin
JMCIIEPCUSICHI3 (KBA3UKJIACCUKAIBIK) II€K aJIbIHJIbI *KOHE OHBIH MHTErPaJAblIbIFbIH JpJieseiTin Jlake kepiHici KypbLiisl.
Tyitin cesmep: Kouno-Ouno tenueyi, aucnepcuscor3 ek, Jlake kepinici.

3.K. IITanuna

FEepasutickuti Hayuorarvbrvili yrusepcumem umenu J1. H. lymunesa, Hyp-Cyaman, Kasaxcman

Besaucnepcuonnsiii npenesn ypasunenusi Konno-OHo

AnHoTauusi. lVcciienoBaHre WHTErpUpPYEMBIX CHCTEM WJIM Pa3pelIUMbIX HEJIUHEMHBIX JuddepeHInaabHbIX yPaBHEHMH
(HIY) aBasiercs aKTUBHOM O6JIACTHIO UCCIIEOBAHUI C MOMEHTa OTKDBITHS METOJa OOPATHOIO PACCesHUSA. DTH ypPABHEHU
SBJISIFOTCSI B HEKOTOPOM CMBICJIE YHUBEPCAJBHBIMU, ITOCKOJIBKY OHM OOHApYy»KWUBAaIOTCS BO MHOTMX 00/1aCcTAX (DU3UKUA U
MATEMaTHKH. Tlon wHTErpUpyeMbIMH CHUCTEMaMU Mbl IOAPA3YMEBAEM T€, KOTOPbIE HMEIOT OECKOHEUYHYIO HEPAPXUIO
CUMMETPUI U 3aKOHOB COXpaHeHUsi. J[Jisi MHTErpupyemMbIX CHUCTEM CYIIECTBYET HECKOJIBKO MapaslJIeIbHBIX CXEM ITOCTPOEHWSI.
ITomumo wunTerpupyembix HJIY cyimecTByeT ele OIUH BaXXHbIM KJIACC HHTErPUPYEMBIX AuddepeHnalbHbIX YPaBHEHUH
B YACTHBIX IPOU3BOJHBIX: TaK Ha3blBa€Mble WHTErPDUPYEMble YPAaBHEHUsI TUIPOAUHAMUYIECKOrO THUIIA, YaCTO Ha3bIBaeMble
6e3aucnepcuoHHbIMU ypaBHeHUAMU. OHHU YaCTO BO3HUKAIOT B PA3JIMYHBIX 3aJa49aX (PU3UKUA M MaTEMaTUKUA, U WHTEHCUBHO
M3y4alTCs B IIOCJHEeJHUE TOJbl. B jJaHHOW paboTe NpejcTaB/IeHbl Pe3yJIbTAaThbl H3YYeHUsl CBA3aHHOI'O WHTEIPUPYEMOrO
6e3MCIIEPCUOHHOIO yPABHEHH U €ro pexyKiuu. llosyden 6Ge3aucnepcnoHHblil (KBA3UKJIACCUYIECKHH) MIpees Ui yPaBHEHUs
Konno-Ono u nmoctpoeno npeacrasienue Jlakca, JOKa3bIBaloIiee €ro NHTErPUPYEMOCTb.

KiroueBbie cioBa: ypasHenune Konno-Ono, 6e3qucnepcroHHbII IIpenest, IpeacTasieHue Jlakca.
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