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МРНТИ 27.31.21

Z. K. Shanina

L.N.Gumilyov Eurasian National University, Nur-Sultan, Kazakhstan
(E-mail: shaninazk@gmail.com)

Dispersionless limit of the Konno-Oono equation 1

Abstract: The study of integrable systems or solvable nonlinear differential equations (NDE)
has been an active area of research since the discovery of the inverse scattering method. These
equations are in a sense universal because they are found in many areas of physics and mathematics.
By integrable systems, we mean those that have an infinite hierarchy of symmetries and conservation
laws. There are several parallel construction schemes for the integrated systems. In addition to the
integrable NDE, there is another important class of integrable partial differential equations: the so-
called integrable hydrodynamic equations often called dispersionless equations. They often arise in
various physics and mathematics problems and have been intensively studied in recent years. In this
paper we investigate the coupled integrable dispersionless equation and its reduction. The disper-
sionless (quasiclassical) limit for the Konno-Oono equation is obtained and the Lax representation
is constructed, which proves its integrability.

Keywords: Konno-Oono equation, dispersionless limit, Lax representation

DOI: https://doi.org/10.32523/2616-6836-2019-129-4-93-98

1.Introduction. During last few decades, the study of coupled nonlinear evolution equations
has played an important role in explaining many interesting phenomena, such as the propagation of
electromagnetic waves in impurity media, water waves, momentum in a biological circuit, etc. At
the same time, the coupled integrable dispersionless equations (CIDE) aroused great interest due
to their wide application in various fields of mathematics and physics, such as string theory, field
theory, soliton theory, etc. [2]-[3]. Coupled integrable dispersionless systems are important equations
of two-dimensional field theory. CIDE was first presented by Konno and Oono in [4] on the basis
of the Lie group, and its generalization is an example of such a system [3]-[5], which aroused great
interest through their good structure, integrability and the possibility of obtaining a soliton solution.

2.The reduction of M-XXXII equation as Konno-Oono equation. One of the important
sections of nonlinear integrable systems are the dispersionless equations. Currently, foreign scien-
tists, as well as a group of Kazakh scientists are conducting research in this area. New integrable
dispersionless equations and their Lax representations were proposed in the papers [6]-[9]. The
M-XXXII equation has the following form [6]

qxt − 4aq + 2px = 0, (1)
rxt − 4ar − 2nx = 0, (2)

ax − 0.5(rq)t + qn− rp = 0, (3)
ηx + rp− qn = 0, (4)

px + 2iωp+ 2ηq = 0, (5)
nx − 2iωn− 2ηr = 0, (6)

where q , p are complex functions, r , n are conjugate complex functions of q and p , respectively;
a, η are real functions, ω is a constant.

1The work is performed under the financial support of the scientific and technical program (F.0811, 0118РК00935)
MES RK.
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2.1.Lax representation The M-XXXII equation (1)-(6) is integrable and its Lax representation
(LR) is

Ψx = U1Ψ,

Ψt = V1Ψ.

Here

U1 = −iλσ3 +Q, V1 =
i

λ
F +

i

λ− ω
G,

where

Q =

(
0 q
r 0

)
, F =

(
a −0.5qt − p

0.5rt − n −a

)
, G =

(
η p
n −η

)
.

Note that from Eqs. (4)-(6) we get the following important formula

η2 + np = const

or, for simplicity,

η2 + np = 1.

2.2.Scale transformation
Consider the following scale transformation

a→ 0.25ρ, (q, r)→ 0.5(q, r).

Under this transformation, the M-XXXII equation (1)-(6) becomes

qxt − ρq + 4px = 0,

rxt − ρr − 4nx = 0,

ρx − 0.5(rq)t + 2(qn− rp) = 0,

ηx + 0.5(rp− qn) = 0,

px + 2iωp+ ηq = 0,

nx − 2iωn− ηr = 0.

2.3.Reduction p = n = η = 0
When p = n = η = 0 , it looks like

qxt − ρq = 0,

rxt − ρr = 0,

ρx − 0.5(rq)t = 0,

which is a more standard form of the generalized Konno-Oono equation (GKOE) with (r)→ (−r)
[4]. Its LR is

Ψx = U2Ψ,

Ψt = V2Ψ

Here

U2 = −iλσ3 +Q, V2 =
i

λ
F,

where

Q =

(
0 0.5q

0.5r 0

)
, F =

1

4

(
ρ −qt
rt −ρ

)
.

3.Dispersionless limit of the KOE
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Reduction r = −q̄
The canonical members of the integrable system are the sine-Gordon ( r = −q ), KdV ( r = −1 ),

mKdV ( r = ±q ) and NLS ( r = ±q̄ ) equations. Here, we restrict our attention to the case r = −q̄
associated with the su(2) Lie algebra. At this reduction we obtain the following KOE

qxt − ρq = 0, (7)
ρx + 0.5(|q|2)t = 0, (8)

where the function q can be represented as an exponential function

q =
√
ue

iS
ε . (9)

Here u, S are real-valued functions, ε is the quasiclassical limit from quantum mechanics corre-
sponds to the dispersionless limit. The differentials of this function with respect to t and x are

qt =

[
ut

2
√
u

+
iSt
√
u

ε

]
e
iS
ε ,

qx =

[
ux

2
√
u

+
iSx
√
u

ε

]
e
iS
ε . (10)

Differentiating equation(10) by t we obtain

qxt =

{[(
ux

2
√
u

)
t

− SxSt
√
u

ε2

]
+
i

ε

[
Sxt
√
u+

Stux + Sxut
2
√
u

]}
e
iS
ε . (11)

Using the following scale transformations
∂

∂x
→ ε

∂

∂x
, (12)

∂

∂t
→ ε

∂

∂t
(13)

we rewrite the system of equations (7)-(8)

ε2qxt − ρq = 0, (14)
ερx + 0.5ε(|q|2)t = 0.

Taking into account equations (9) and (11) we solve equation (14)

−SxSt
√
u+ iε

{
(Sx
√
u)t +

Stux
2
√
u

}
− ρ
√
u = 0.

The limit at ε → 0 of the resulting equation is called the dispersionless limit since the dispersion
term ε2 vanishes. Then we decompose the last equation in powers of ε

ε0 : −SxSt
√
u− ρ

√
u = 0,

ε1 : i

[
Stx
√
u+

Stux + Sxut
2
√
u

]
= 0.

After some simple calculations, we obtain
SxSt + ρ = 0,

Sxt + Stux+Sxut
2u = 0,

ut + 2ρx = 0,

where Sx = v, S = ∂−1x v. As a result, we get the dispersionless limit of KOE in this form

vt +
vut + γux

2u
= 0, (15)

ut − 2(vxγ + vvt) = 0, (16)

here γ = ∂−1x vt .
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4.Lax representation for dispersionless limit of KOE

To construct the LR of the equations (15)-(16), we consider the LR of the KOE as

Ψ1x = −iλΨ1 + 0.5qΨ2, (17)
Ψ2x = −0.5q̄Ψ1 + iλΨ2, (18)

and

Ψ1t =
i

4λ
(ρΨ1 − qtΨ2) , (19)

Ψ2t =
i

4λ
(−q̄tΨ1 − ρΨ2) . (20)

Here we take the function Ψ as the following exponential form

Ψ1 = e
i
ε
(χ+λx),

Ψ2 = ξe
i
ε
(χ+λx−∂−1

x v),

where χ, ξ are real functions. Accordingly, their derivatives with respect to x and t are

Ψ1x =
i

ε
[χx + λ] e

i
ε
(χ+λx), (21)

Ψ2x =

[
ξx +

i

ε
(χx + λ− v) ξ

]
e
i
ε
(χ+λx−∂−1

x v) (22)

and

Ψ1t =
i

ε
χte

i
ε
(χ+λx), (23)

Ψ2t =

[
ξt +

i

ε

(
χt − ∂−1x vt

)
ξ

]
e
i
ε
(χ+λx−∂−1

x v). (24)

Applying the scale transformation (12) we obtain the equivalent ratio of the differential systems
(17)-(18), respectively

εΨ1x = (−iλ+ 0.5
√
u)e

i
ε
(χ+λx), (25)

εΨ2x = (−0.5
√
u+ iλ)e

i
ε
(χ+λx−∂−1

x v). (26)

Substituting (21)-(22) in (25) and (26) we obtain

χx + 2λ = −0.5i
√
uξ. (27)

ξ = − 0.5
√
u

i(χx − v)
. (28)

Considering (28) we rewrite (27)

χx + 2λ− 0.25u

χx − v
= 0. (29)

At χx = p the equation is reduced to the form

p+ 2λ− 0.25u

p− v
= 0. (30)

So, we obtain the spatial part of the LR. Next, we consider the second equation of LR. By transfor-
mation (13), we rewrite (19)-(20)

εΨ1t =
i

4λ
(ρ− εq) e

i
ε
(χ+λx), (31)

εΨ2t =
i

4λ
(−εq̄t − ρ) e

i
ε
(χ+λx−∂−1

x v). (32)

Equating the expressions (23)-(24) and (31)-(32) and decomposing into different degrees of ε at the
limit ε→ 0 we obtain

iχt =
1

4λ

(
iρ+

√
uγξ

)
. (33)
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We rewrite (33)by considering (28). Then

χt −
ρ

4λ
− uγ

8λ(χx − v)
= 0. (34)

We obtain the derivative with respect to x from (34). The change of variables in χx = p gives

pt −
ρx
4λ
− 1

8λ

(
uγ

p− v

)
x

= 0. (35)

By the expression (30), the equation (35) takes the following form

pt −
ρx
4λ
− 1

2λ
[(p+ 2λ) γ]x = 0. (36)

After simple transformations, the last expression can be written as

pt(2p− v)− 0.5ut + pxγ = 0.

Thus, we obtain the LR for the system of equations (7)-(8)

p+ 2λ+
0.25u

(p− v)
= 0,

pt(2p− v)− 0.5ut + pxγ = 0.

5. Conclusion

In this paper the integrability of KOE was established by constructing its Lax pair. The obtained
result is used to further study of the dispersionless equations. The system of equations (7)-(8)
researching us can be useful in the study of the dynamics of a current-fed string with infinite length
in a magnetic field.
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Конно-Оно теңдеуiнiң дисперсиясыз шегi

Аңдатпа. Интегралданатын жүйелердi немесе шешiмi бар сызықты емес дифференциалдық теңдеулердi (СЕДТ)
зерттеу керi шашырау әдiсi ашылған сәттен бастап зерттеудiң белсендi саласы болып табылады. Бұл теңдеулер кейбiр
мағынада әмбебап, себебi олар физика мен математиканың көптеген салаларында анықталады. Интегралданатын
жүйелер деп шексiз иерархиясы бар симметрия мен сақталу заңдарын түсiнемiз. Интегралданатын жүйелердi құрудың
бiрнеше параллель схемалары бар.

Интегралданатын СЕДТ-дан басқа, дербес туындыларда интегралданатын дифференциалдық теңдеулердiң тағы бiр
маңызды сыныбы бар: жиi дисперсиясыз теңдеулер деп аталатын гидродинамикалық түрдегi интегралданатын теңдеулер.
Олар физика мен математиканың әртүрлi есептерiнде жиi пайда болады және соңғы жылдары қарқынды зерттелуде.

97



Л.Н. Гумилев атындағы ЕҰУ Хабаршысы - Bulletin of L.N. Gumilyov ENU, 2019, 4(129)

Бұл жұмыста интегралданатын дисперсиясыз теңдеу және оның редукциялары зерттелдi. Конно-Оно теңдеуi үшiн
дисперсиясыз (квазиклассикалық) шек алынды және оның интегралдылығын дәлелдейтiн Лакс көрiнiсi құрылды.

Түйiн сөздер: Конно-Оно теңдеуi, дисперсиясыз шек, Лакс көрiнiсi.

З.К. Шанина

Евразийский национальный университет имени Л.Н.Гумилева, Нур-Султан, Казахстан

Бездисперсионный предел уравнения Конно-Оно

Аннотация. Исследование интегрируемых систем или разрешимых нелинейных дифференциальных уравнений
(НДУ) является активной областью исследований с момента открытия метода обратного рассеяния. Эти уравнения
являются в некотором смысле универсальными, поскольку они обнаруживаются во многих областях физики и
математики. Под интегрируемыми системами мы подразумеваем те, которые имеют бесконечную иерархию
симметрий и законов сохранения. Для интегрируемых систем существует несколько параллельных схем построения.
Помимо интегрируемых НДУ существует еще один важный класс интегрируемых дифференциальных уравнений
в частных производных: так называемые интегрируемые уравнения гидродинамического типа, часто называемые
бездисперсионными уравнениями. Они часто возникают в различных задачах физики и математики, и интенсивно
изучаются в последние годы. В данной работе представлены результаты изучения связанного интегрируемого
бездисперсионного уравнения и его редукции. Получен бездисперсионный (квазиклассический) предел для уравнения
Конно-Оно и построено представление Лакса, доказывающее его интегрируемость.

Ключевые слова: уравнение Конно-Оно, бездисперсионный предел, представление Лакса.
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