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Bosonic string-scalar model

Abstract: There are three equivalent forms of action for a string in the bosonic string theory:
a first-order form (Hamiltonian formalism), a second-order form (Polyakov action), and a nonlinear
form (Nambu-Goto action). All three forms of action have reparametrization symmetry, which
generates the Virasoro algebra. Polyakov action resembles the action of scalar fields interacting with
an external two-dimensional gravitational field. At the classical level, the Polyakov and Nambu-
Goto actions are completely equivalent. In this paper we considered the boson string-scalar model
and determined the form of action for this model. The action form for the string-scalar model
was considered first in terms of the Nambu-Goto formalism. To find the energy-momentum tensor,
we wrote an action in the form of a second-order formalism (Polyakov’s action). We obtained the
equations of motion of the string and the constraint conditions for the considered actions. We made
sure that the constraint conditions for the string remain unchanged.

Keywords: Bosonic string, Nambu-Goto action, scalar field, string-scalar model.

DOTI: https://doi.org/10.32523/2616-6836-2018-124-3-47-52

Introduction. String theory is often called the "theory of everything", because its purpose is
to describe all the fundamental forces of interaction in the universe, including gravity, quantum
mechanics and the theory of relativity. The premise of string theory is that, at the fundamental
level, matter does not consist of point-particles but rather of tiny loops of string. From this slightly
absurd beginning, the laws of physics emerge.

The string theory is a good candidate for describing the real world. At low energies, it generates
a general theory of relativity, gauge theories, scalar fields, and chiral fermions.

Despite the long history of a relativistic string model, there is still not complete quantum theory
of this object.

Thus, the study of a relativistic string model is of great interest for modern theoretical physics.

The bosonic string. Many concepts that are often used in string theory appear already in a
simpler boson model. So we will also consider this model.

A string is a one-dimensional extended object. Therefore, the trajectory of a string is a two-
dimensional surface in the space of time. Generalizing the case of a relativistic particle, we come
to the conclusion that a free string is described by a surface with the following properties: 1) the
surface is timelike, i.e. everywhere on the surface (with the possible exception of boundary points),
we can choose two directions of timelike and spacelike; 2)the surface has an extreme area, i.e. is an
"extreme surface" [1].

In the simplest case, the string is described by its d-dimensional Minkowski coordinates X* (o, 7).
The parameter 7 in the embedding functions X* (o, 7) is the world-sheet time coordinate and o
parametrizes the string at a given world-sheet time [2]. When a string moves its coordinate X* (o, )
sweeps two-dimensional surface, which is called "the world sheet." It will be parameterized by two
variables, ¢ and 7. The vectors tangent to this surface are determined by the derivatives of the

coordinate 88%, a(;(g“ . Convolution of the two tangent vectors gives metric [3]

gij = &-Xuan“,

where two variables o and 7 were replaced by (i,7), ¢ and j can take the values 0 and 1. The
area of an infinitesimal element on this surface can be written as

dA ~ \/det\giﬂdadr.

47



JI.H. 'ymuniues arsiagarel EYY Xa6apmeicsr - Bulletin of L.N. Gumilyov ENU, 2018, 3(124)

The action of relativistic string is chosen proportional to the area of the world surface. The Nambu-
Goto action is given by [4]

S:—T/dT/da\/j, (1)

X2 XX

XX/ X/2> :XzX/2—(XX,)2.

where g = detg;; = (

Setting ¢ to (1), we obtain

S = —T/dT/dJ\/(X-X')2 - X2X"2,

For a three-dimensional coordinate X and X' is written in the form

X = KA,
X’Q — X12 +Xé2 +X‘;,2,

(X X')? = (X1X) + XX, + X3Xp)® = X7X? + X3X2 +
+X2X2 +2X1 Xo X1 Xy + 2X1 X3 X, X5 42X X3 X, X

X2X"? = X2X 2 + X2X2 + X2X2 + X2X 2 +
FXZX 2+ XX+ X2X2 4+ XPX,2 + X2X.2,
where X denotes a T -derivative, X " — o derivative. Thus, the Nambu-Goto action for a three-
dimensional coordinate can be written in this form

\/(X CX')? - X2X"?2 = \/—(XlX; — XoX))? — (X1X5 — X3X)2 — (X2 X5 — X3X,)2.

Bosonic string-scalar model

The scalar field theory is the simplest field theory, scalar particles arise in string theory. The field
theory of a single scalar field has no gauge invariance. A scalar field is simply a single real function
of spasetime.

For the boson string-scalar model we write action as

S = / dr / doL(0,7), 2)

where the Lagrangian is defined as

L= -T\(X-X')2 - X2X2 4V (X, 0) + 182 + 20

Here T is constant (necessary for obtaining the dimension of the action), which correspond to
the string tension. V/(X,,, ¢)-the potential, ¢(o,7)-scalar field function, €1, ex = 1.

To obtain the equations of motion, we vary the action with respect to X, and ¢. At first we
find the variation of the action with respect to X,

ss= [ar [ as

where we have used [5]

aL 0(6X,) | 0L 90X,) | oL
or 0X, 0o 0X,

0Xp] (3)
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;o 8XM —
sty () -

(9K _ 00X,
0o do

- , N2 .
(Xx) x;, - (X)X
T

5X),

oL

X,

oL

X,

2(5X,)
or '’

() () e
(x') %, - (%) x;

o) - (o

oL OL
0X, ' 09X,
= 8'L
*ox,
oL
P = .
roX)

=

Using these notations we write a variation (3)

) OPT
68 = /dT/dJ { (ProX,) + 5-(PI0X,) —5Xu< £+
g

8P;j) oV

or Jo 0X, 0X ] )

The first term on the right-hand side is the full 7 derivative, since X, (12,0) = §X, (11,0) = 0.

The second term on the right-hand side must vanish for all variations 6X, of the motion. Thus,
from (4) we obtain the equation of motion

or; opP] oV 0
or oo 09X,
or
oF; 0P oV
+ do 00X, (5)
We vary the action (2) with respect to ¢
OL (6 oL 9(0¢) B
05 = / / [ 87‘ 0¢" do (3¢> ] N
= / dr / do {261¢5¢+2@¢/5¢’ 99 5¢]
_ / dr / do [(261¢5¢)T — 261006 + (262¢’5¢)0 — 260056 + ¢5¢} (6)

From (6) we obtain the equation of motion

261(5 + 2€2¢U — V¢ = 0,

or
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- " 1
€1¢+€2¢ = §V¢

The energy-momentum tensor can be written in the form
2 1 68

T = - =
ab T /—h 6hoB 0

We write action (2) in the form
1 : ,
S = —2T//d7da\/—h [h“ﬁaaX"@gXu V(X 0) + €16° + €20 2]

where the metric h,g can be chosen as
- hoo hot)y (-1 O
B~ \hyo hiy) 0 1

hoP = (h™1) .

We find the variation of the action (9) with respect to h®?

and

6Sh,s = —%T / / drdo [wfhhaﬁaa)(ﬂagxu + V—=hSh*P9, X 95X, +
+ V=RV (X, ¢) + V=RV (X, ¢) + 6V —he1$* +

+ V=R (€18%) + 0V =hesd + vkt (€6 .

To evaluate the variation of the action, the following formula is useful
6h = —hhagdh®?
which implies that

1
oV —h = —5\/—hha56h0‘5.

Hence (12) takes the form

1 1
§Sjs = 5T / / drdo [aaxaﬁx — Jhash 00, X05X

1 1 . 1 /
—ihwv - ihwelqﬁ? — §haﬂ62¢ 2| V/=hShB.
Substituting (13) in (8) we obtain the energy-momentum tensor
1 1 1 . 1 /
Top = a XX — §haﬁh7567X85X — ShagV = ihaﬂems? — Shapead 2=

1 1 . /
= 00X05X — Shaph0,X05X — Shap(V + e1¢” + 29”).

The equations of motion (5) and (7) must be supplemented by the constraint conditions T, /5 =0

1 1 . /
Too = 09 XX — ihoo(hooaoXaoX + hH@lX@lX + 2h0180X81X) — ihoo(v + €1¢2 + €20 2) =0, (14)

1 1 : ,
Ty =0 XX — 5hn(hooaoxaox + MO X1 X + 2R 90 X0, X) — —h11(V 4 €10* + €20 2) = 0, (15)

2

1 1 . /
Tor = DX X — §h01(h0080X80X + 1O X0 X + 2R 00X 01 X) — Zho1 (V + €10° + €26 2) = 0, (16)

2

1 1 . /
Tiog =0 XX — ihlo(hooaoXa()X + hllalXalX + 2h0160X81X) — ihm(V + 61¢2 + €20 2) = 0.(17)
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Taking into account (10) and (11) we write the constraint conditions (14) - (17)

1 . f 1 . ’
Ty = 5 (X*+ X%) = S(V+ @’ +e0?) =0, (18)
1 . ’ 1 . /
Ti = 5 (X° + X?) 4 S (V+ad +as?) =0, (19)
Tor =T = XX =0. (20)

From (5),(7),(18)-(20) follows a system of equations consisting of the equations of motion and the
constraint conditions

8;? + Ei;f =Vx,, (21)
qap+ed’ =5V (22)
X2+ x?% =0, (23)
Xx' =o. (24)

Conclusion

So, we have considered the dynamics of the bosonic string scalar model. By varying the action,
we obtained the string’s equation of motion with respect to the coordinates X, and the scalar field
¢. We obtained a system of equations consisting of the equations of motion and the constraint
conditions (21)-(24).
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3.K. IIlanunna, E.M. MbIip3akyJjaoB
JI.H.'ymunes amovmdazo. EBypaszus yammok yrusepcumemi, Acmana, Kaszaxcman

Bo30HABIK ilIeK-CKAaJSAPIIbIK, MOJEJIb

Ansotanus: Bo3oHABIK IMIEKTEp TEOPUsCHIHAA 9CEP/iH YII SKBUBaJEeHTTI Typi Gap: Oipinmi perti Typi (raMuUIbTOHIBIK,
dopmanmam), ekinmi perri Typi (ITonsikos ocepi), ce3bIKTHIK eMec Typi (Hamby-T'oro ocepi). Ocepain 6apibik ym dgopmacst
na Bupacopo asrebpacblH TybIHIATaTBIH KaJjlblHAa KeaTipymi cumMmerpusira ue. [losisikoB ocepi ChIPTKBI €Ki eJsmemi
rpaBUTAIUAJBIK, OPICIEH OCEPJIECETiH CKaJAPJbIK epicTepmaiH ocepin ecke Tycipeai. Kiaccukasbik genreiiie Ilosskos xone
HamGy-T'oTo acepiiepi TOJIBIFBIMEH 9KBUBAJIEHTTI. ATajraH »KyMBICTa 613 GO30HIBIK IIMIEK-CKAJSPIILIK, MOIEIbIl KAPACTBIPIBIK,
JKOHE OChI MOJIeJIb YIIIH 9Cep TYPiH aHBIKTAJbIK. [IIEeK-CKaJIAPJIBbIK, MOJEb YIIiH acep Typi ajabiMed Hamby-T'oro dopmanuzmi
TYPFBICBIHAH KaPACTbIPBLIIHI.
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DHEPrug-uMIlyJIbC TEH30pbIH Taly yimiH 6i3 ocepai ekinmi perri dopmamusm (Ilonsikosocepi)Typinge Kas3ablK.
Kapacroipbuiran scepJsiep VIIiH iIIEKTIH KO3FaJbIC TEHJEyiH »KoHe OailjlaHbIC IIAPTTAPBIH aJAbIK. lIIek yIiniH OailjaHbIC
mapTTaphl ©3repicci3 KaJaThbIHbIHA KO3 YKETKI3iK.

Tyitia cesmep: 6030HBIK, immek, HamOy-I'oTo acepi, cKaJIsAPIBIK Opic, iIeK-CKAJSIPIIBIK MOJEb.

3.K. IITannna, E.M. Mpip3akyJioB

Espasutickuti nayuonasvruts yrnusepcumem umeny J1. H. l'ymunesa,
Acmana, Kazaxcman

Bosonnas CTPYHHO-CKaJIdpHadaA MOAeJIb

AnHOTauusi: B Teopun GO30HHBIX CTPYH MMEETCsI TPU SKBUBAJIEHTHBbIE (DOPMBI JAEHCTBUS [JIsI CTPYHBL: (hopMa IEPBOrO
nopsizka (raMuiabToHoB dhopMannsm), dhopma Broporo nopsiaka (neiicrsue Iosskosa) u Hennneiinaa dopma (neiicrsue HamGy-
Toro). Bce tpu dopmbl nmeficTBusi 0671a1a10T periapaMeTpU3alioHHON cuMMeTpueli, KoTopasl opoxgaer ainre6py Bupacopo.
Heiicrue [lonsakoBa HanoMuHaET AeHCTBUE CKAJIAPHBIX MOJIEH, B3aUMOIEHCTBYIOIINUX C BHEITHUM JIBYMEPHBIM IPABUTAIIMOHHBIM
nosiem. Ha kiaccudeckom yposHe pneiictBusi IlonsikoBa u HamOy-I'oro mosHOCTBIO SKBUBajieHTHBI. B jgaHHON pabore MbL
paccmorpen 6030HHYIO CTPYHHO-CKAJISIDHYIO MOJENb U onpeenuian Gopmy gaefcTBus aja ganHoit momesu. Popma medicTBus
JUIsl CTPYHHO-CKAJISIPHON MOJIEJIM CHaYaJla pacCMaTpUBajach ¢ TOYKH 3peHus: popmaiausma Hamby-T'oro. Urobwl HaliTu TeH30D
SHEPrUU-UMILYJIbCA Mbl HAIMCAJIN JeficTBue B BUIe popMain3Ma Broporo nopsaaka (neiicrsue [lonskosa). Iosmyuniam ypasHenus
JIBU2KEHUsI CTPYHbBI U YCJIOBUsI CBA3€EH JIJIs PACCMATPUBAEMBIX AEHCTBUIA. Y6EIUINCh, YTO YCIOBUS CBS3M JIJIsi CTPYHBI OCTAIOTCS
0e3 U3MEHEeHUs].

KuroueBble ciioBa: 6030HHas cTpyHa, geiicrBue Hamby-I'oTo, ckajsipHOe 110J1e, CTPYHHO-CKaJIIPHAS MOJEJb.
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1.1 3aroyioBOK moaceKinuu
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Teopema 1. ...

Jlemma 1. ...

IIpennoxxkenne 1.

Omnpegenenne 1.

Caencrsue 1. ...

3ameuganwue 1. ...

Teopema 2 (Temupramues H. [2]). Texcm meopemot.
HoxaszaTrenbcTso. Tekcr mokazaresbCcTBa.

2. @opmyJibl, TAOJIUIIBI, PUCYHKA

In(ens DN)y = n(en; T F; D)y = (l(N),;rjl\zf)eDN on (6N; (l(N), @N))Y, (25)
rie 6n (en; (1Y), ¢N))y = 0n(en; T; F; (™) o))y =
= sup HTf(-) —#N (lgvl) () + 78N s I () +’71(VN)€§\JIV)§')H :
fer y
MT) <1(r=1,...,N)

Tabsurbl, pUCYHKH HEOOXOJIMMO pacIoJiaraTh mocje ynomuHanus. C KaxKJio# WLTIOCTpanueil JoiKHa
CJIEIOBATH HAJIIINCH.
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st cchutoK Ha yTBeprKjeHust, (POPMYJIBI U T. II. MO’KHO HCIIOJIb30BaTh MeTKH. Hanpumep, Teopema 2,
Dopmyia (25)
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