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Exponential solution of the f(R) gravity with Maxwell term and g -essence

Abstract: In this paper, we consider the f(R) model of gravity with a Maxwell term FµνF
µν

and g -essence in four dimensions together with a homogeneous, isotropic and flat Friedman-
Robertson-Walker universe. As a particular case, g -essence includes two important models such
as k -essence and f -essence. For this model, a system of equations of motion is found, an exponen-
tial solution is constructed, scalar and fermion potentials are reconstructed, and energy conditions
are obtained and investigated. These conditions impose very simple and independent of the model
boundary on the behavior of the energy density and pressure, since they do not require a definite
equation of state of matter. For the model under consideration, the energy conditions NEC, WEC,
DEC are realized, and the SEC condition is violated. We found the parameter of the equation of
state ω = −1 and the deceleration parameter q = −1 , which value corresponds to the accelerated
expansion of the universe.

Keywords: f(R) gravity, Einstein–Maxwell gravity, g -essence, energy conditions, equation of
state, deceleration parameter.

DOI: https://doi.org/10.32523/2616-6836-2018-124-3-33-40

Introduction. Every year there is more and more evidence that the universe in the modern era
is experiencing a phase of accelerated expansion. The accelerated dynamics, that observed in high
redshift studies of type Ia supernovae [1], [2], was independently confirmed by observations of the
anisotropy power spectrum of the Cosmic Microwave Background (CMB) [3]-[5]. This is explained
by the fact that in the universe some form of "dark energy" predominates, occupying up to 70%
of the critical energy density, and the remaining 30% consist of clumpy baryonic and non-baryonic
dark matter [4]. Today in cosmology one of the central questions is the origin of this exotic matter
[6].

There are a number of different models describing the acceleration of the modern universe. How-
ever, at present it is not possible to make a choice in favor of a particular model. This is due,
among other things, to the inability of direct experimental research of these models under terres-
trial conditions. Today, hopes in this area are associated with further refinement of astronomical
observations. In such a situation, the presence of a wide range of different models describing the
accelerated expansion of the modern universe will make it possible in the future to choose in favor of
the most adequate [7]. One of these models is the k -essence. Originally it was proposed as a model
for inflation [8], and then as a model for dark energy [9]-[15]. After these proposals, the k -essence
began to be intensively studied, but investigation of the possible cosmological behavior of the k -
essence in the systematic order deserves attention. Quite recently, the so-called g -essence model,
was proposed [16]-[19], which is a more general model than the k -essence . In fact, the g -essence
contains, as a particular case, two important models: k -essence and f -essence. Note the fact that
the f -essence is a fermion analog of the k -essence [7]. The fermion field plays a very important
role in: i) isotropization of the initially anisotropic space-time; ii) the formation of a free singularity
of cosmological solutions; iii) explaining the late acceleration time [7].

The equations, obtained by D. Maxwell on the basis of the experimental results accumulated by
the middle of the 19th century, played a great influence on many later fundamental theories, for
example, the special theory of relativity [20].

In this paper, we consider the action of f(R) gravity with the Maxwell term and g-essence.
Additionally we find the equations of motion, construct the solution of the model, and determine
whether such a model can describe the accelerated expansion of the universe.

f(R) gravity with Maxwell term and g -essence
33
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We consider the action of f(R) gravity with the Maxwell term and g -essence in four dimensions
by

SfMg =
1

16πG

∫
d4x
√
−g{R+ f(R)− FµνFµν + 2K(X,Y, φ, ψ, ψ̄)}, (1)

where the covariant tensor of the electromagnetic field is determined by the derivative of the 4-vector
potential in form

Fµν = ∂µAν − ∂νAµ (2)

and K is a function of its arguments, φ is a scalar function, ψ = (ψ1, ψ2, ψ3, ψ4)T is a fermion
function and ψ̄ = ψ+γ0 is its conjugate function. Here

X = 0.5gµν∇µφ∇νφ, Y = 0.5i[ψ̄ΓµDµψ − (Dµψ̄)Γµψ] (3)

are the canonical kinetic terms of the scalar and fermion fields, respectively. ∇µ and Dµ are
covariant derivatives. We note that the fermion fields are treated here as classical commuting fields.

The ansatz solution for the Maxwell term is given by the formula Aµ depend from t . Then

F01 = −F10 = Ȧ1, F02 = −F20 = Ȧ2, F03 = −F30 = Ȧ3 (4)

where the dot means the time derivative (all other components of Fµν are equivalent to zero).
Consider a homogeneous, isotropic and flat Friedman-Robertson-Walker (FRW) universe filled

with g-essence. In this case the metric has the form

ds2 = −dt2 + a(t)2(dx2 + dy2 + dz2), (5)

where a(t) is a scale factor of the universe. For this metric, the equation (2) takes the form

FµνF
µν = 2[g00g11(F01)2 + g00g22(F02)2 + g00g33(F03)2] = − 2

a2
[(Ȧ1)2 + (Ȧ2)2 + (Ȧ3)2]. (6)

Then the action (1) in conjunction with (6) will be written in the form

SfMg =
1

8πG

∫
d4x{−3aȧ2 +

1

2
a3f + a[(Ȧ1)2 + (Ȧ2)2 + (Ȧ3)2] + a3K}. (7)

In the case of the FRW metric (5), the equations of motion corresponding to the action (7) will
be written as

3H2 − ρ = 0, (8)
2Ḣ + 3H2 + p = 0, (9)

Ä1 +HȦ1 = 0, (10)
Ä2 +HȦ2 = 0, (11)
Ä3 +HȦ3 = 0, (12)

KX φ̈+ (K̇X + 3HKX)φ̇−Kφ = 0, (13)

KY ψ̇ + 0.5(3HKY + K̇Y )ψ − iγ0Kψ̄ = 0, (14)

KY
˙̄ψ + 0.5(3HKY + K̇Y )ψ̄ + iKψγ

0 = 0, (15)
ρ̇+ 3H(ρ+ p) = 0, (16)

where H = ȧ
a is the Hubble parameter, the canonical kinetic terms of the scalar and fermion fields

have the following form
X = 0.5φ̇2, Y = 0.5i(ψ̄γ0ψ̇ − ˙̄ψγ0ψ) (17)

and the energy density and pressure take the form

ρ = −3HṘfRR + 3(Ḣ +H2)fR − 0.5f + 2KXX +KY Y −K +
[(Ȧ1)2 + (Ȧ2)2 + (Ȧ3)2]

a2
, (18)

p = Ṙ2fRRR + (2HṘ+ R̈)fRR − (3H2 + Ḣ)fR + 0.5f +K +
[(Ȧ1)2 + (Ȧ2)2 + (Ȧ3)2]

3a2
. (19)

34
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We consider the action of the g-essence of (7) with

K = εX + σY − V1(φ)− V2(u)− ηφu, (20)

where η = const, u = ψ̄ψ , ε and σ some constants. Here we can note that ε = 1 ( ε = −1 )
corresponds to the usual (phantom) case, then we can rewrite the system of equations (25)–(16)

3H2 − ρ = 0, (21)
3H2 + 2Ḣ + p = 0, (22)

Ä1 +HȦ1 = 0, (23)
Ä2 +HȦ2 = 0, (24)
Ä3 +HȦ3 = 0, (25)

εφ̈+ 3εHφ̇+ ηu+ V1φ = 0, (26)

σψ̇ +
3

2
σHψ + iV

′
2γ

0ψ + iηγ0ψφ = 0, (27)

σψ̇ +
3

2
σHψ − iV ′2ψγ0 − iηφψγ0 = 0, (28)

ρ̇+ 3H(ρ+ p) = 0, (29)

where

ρ = −3HṘfRR + 3(Ḣ +H2)fR − 0.5f + 0.5εφ̇2 + V1 + V2 + ηφu+
[(Ȧ1)2 + (Ȧ2)2 + (Ȧ3)2]

a2
, (30)

p = Ṙ2fRRR+(2HṘ+R̈)fRR−(3H2+Ḣ)fR+0.5f+0.5εφ̇2−V1−V2+V
′

2u+
[(Ȧ1)2 + (Ȧ2)2 + (Ȧ3)2]

3a2
.

(31)
Excluding f from the equations (21) and (22) we get

Ṙ2fRRR − (HṘ− R̈)fRR + 2ḢfR + 2Ḣ + εφ̇2 + ηφu+ V
′

2u+
4[(Ȧ1)2 + (Ȧ2)2 + (Ȧ3)2]

3a2
= 0. (32)

This equation can be rewritten in the form

F̈ −HḞ + 2ḢF + 2Ḣ + εφ̇2 + ηφu+ V
′

2u+
4[(Ȧ1)2 + (Ȧ2)2 + (Ȧ3)2]

3a2
= 0, (33)

where F =
df

dR
.

From (23)-(25) we obtain the expression for the potential of the 4-vector

Ȧn =
bn
a
, (n = 1, 2, 3), (34)

where bn = const .
The system (21)-(29) has a solution

a = a0e
λt, (35)

φ = φ0e
δt, (36)

ψl =
cl
a1.5

eiD(t), (l = 1, 2), (37)

ψk =
ck
a1.5

e−iD(t), (k = 3, 4), (38)

u =
c

a3
=

c

a3
0e

3λt
, (39)

where cj obeys the following condition c = |c1|2 + |c2|2 − |c3|2 − |c4|2 .
For the metric (5) and the scalar factor (35) we get

R = 6(Ḣ + 2H2) = 12λ2. (40)
35



Л.Н. Гумилев атындағы ЕҰУ Хабаршысы - Bulletin of L.N. Gumilyov ENU, 2018, 3(124)

From (26) the scalar field potential is

V1 = −εφ
2
0δ

2
(δ + 3λ)e2δt − φ0δηc

a3
0(δ − 3λ)

e(δ−3λ)t − V10, (41)

V1 = −εφ
2
0δ

2
(δ + 3λ)

(
φ

φ0

)2

− φ0δηc

a3
0(δ − 3λ)

(
φ

φ0

) δ−3λ
δ

− V10. (42)

From (27) the potential of the fermion field is

V2 =
3λcηφ0

a3
0(δ − 3λ)

e(δ−3λ)t +
3λcσ

a3
0

∫
Ḋe−3λtdt. (43)

Then the equation (21) takes the form

3HṘfRR− 3(Ḣ +H2)fR + 0.5f + 3H2 +
3

2
εφ2

0δλe
2δt− 3λcσ

a3
0

∫
Ḋe−3λtdt− b2

a4
0

e−4λt +V10 = 0, (44)

where b = b21 + b22 + b23 .
Let f = βRl, fR = βlRl−1, fRR = βl(l − 1)Rl−2

Then from (44) we get

D =
a3

0

3λcσ

[
3ελφ2

0δ
2

3λ+ 2δ
e(3λ+2δ)t − 4b2

a4
0

e−λt
]

+D0 (45)

and the potential of the fermion field has the next form

V2 =
3

2
ελδφ2

0e
2δt − b2

a4
0

e−4λt +
3cληφ0

a3
0(δ − 3λ)

e(δ−3λ)t + V20, (46)

where

V20 = −3 ∗ 12l−1βλ2l(l − 2) + 3λ2 + V10. (47)

Density of energy and pressure are

ρ = 3λ2, (48)
p = −3λ2. (49)

There are a number of different theoretical models that describe the accelerating expansion of the
modern universe. For these models, the phenomenological relations p = ωρ between the pressure p
and the energy density ρ of each of the fluid components, where ω is the parameter of the equation
of state, or for brevity, the state parameter [7]. A component with a negative ω corresponds to a
dark energy. Modern experiments, including WMAP, indicate that at present the dark energy state
parameter is close to −1 . In particular, from the existing estimates obtained from the results of
observations, it follows that with a probability of 0.95 , the value of ω lies in the interval −1.45 <
ω < −0.74 . From the theoretical point of view, the region mentioned above covers three essentially
different cases [7]. Phantom matter corresponds to a region of space with the parameter ω < −1 ,
where the scalar field has a negative kinetic energy [11]. Although the matter of this form is currently
consistent with observations, the origin of such a scalar field with unusual kinetic energy is not clear.
On the other hand, recently it has been obtained that the phantom field is not necessarily scalar, it
can also have vector or tensor degrees of freedom [6].

In the model under consideration, the equation of state parameter is

ω =
p

ρ
= −1. (50)

The obtained state parameter corresponds to modern observational data.
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The great importance have the energy conditions [21]

NEC ⇒ ρ+ p ≥ 0, (51)
WEC ⇒ ρ ≥ 0, ρ+ p ≥ 0, (52)
SEC ⇒ ρ+ 3p ≥ 0, ρ+ p ≥ 0, (53)
DEC ⇒ ρ ≥ 0,−ρ ≤ p ≤ ρ. (54)

Here NEC , WEC , SEC and DEC , respectively, are null, weak, strong and dominant energy
conditions. These conditions impose very simple and model-independent limitations on the behavior
of the energy density and pressure, since they do not require a definite equation of state of matter.
Thus, with the help of energy conditions it is possible to explain the evolution of the universe using
general principles [21].

Since we are considering the model of a flat universe with the FRW metric, we can convert the
conditions (51)–(54) into constraints on the deceleration parameter q

NEC ⇒ q ≥ −1, (55)
SEC ⇒ q ≥ 0, (56)
DEC ⇒ q ≤ 2. (57)

The condition WEC is always satisfied for arbitrary real a(t) .
For q > 0 , the universe expands slowly. For q < 0 the universe expands at an accelerated rate.

The condition NEC (55) has a fairly transparent meaning. Accelerated expansion of the universe
is possible only in the presence of components with a large negative pressure p < −1

3ρ . The SEC
energy condition excludes the existence of such components. Hence in this case q ≥ 0 . But the
conditions of NEC and DEC are compatible with the condition p < −1

3ρ , so they admit regimes in
which q < 0 [21].

We are considering the model, where the deceleration parameter is

q = − äa
ȧ2

= −1. (58)

For the energy density (48), the pressure (49) and the deceleration parameter (58), the energy
conditions NEC, WEC, DEC are fulfilled and the SEC condition is not fulfilled. In equation (58)
q < 0 therefore, our model describes the accelerated expansion of the universe.

Conclusion
Thus, we considered a model of f(R) gravity with a Maxwell term and g essence in four dimen-

sions together with a homogeneous, isotropic and flat Friedman-Robertson-Walker Universe. For
this model, we found the equations of motion, the exponential solution, reconstructed the scalar and
fermion potentials, and studied the energy conditions. For this model, the energy conditions NEC,
WEC, DEC are fulfilled and the SEC condition is not fulfilled. The parameter of the equation of
state ω = −1 and the deceleration parameter q = −1 are found which the value corresponds to
the accelerated expansion of the universe.
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Л.Н.Гумилев атындағы Еуразия ұлттық университетi, Астана, Қазақстан

f(R) гравитациясының максвеллдiк мүшесi және g -эссенциясы модельдiң экспоненциальды шешемi

Аннотация: Берiлген мақалада FµνFµν максвелл мүшелi және g -эссенциялы f(R) гравитациялары төрт
өлшемдi бiртектi, изотропты және жазық Фридман-Робертсон-Уокер Ғаламымен бiрлесе қарастырылады. g -эссенция
дербес жағдайда екi маңызды k -эссенция мен f -эссенция моделдерiн құрайды. Осы модель үшiн қозғалыс теңдеуi
жүйелерi анықталған, экспоненциалды шешiмдерi түзiлген, скалярлы және фермионды потенциалдары қайта құрылды,
энергетикалық шарттары үйренiлдi. Бұл шарттар энергия тығыздығы мен қысымның әрекетiне шек қоятын моделдерге
тәуелдi емес және өте қарапайым жағдайларды бередi, себебi олар анық бiр күй теңдеуiн қажет етпейдi. Қарастырылып
отырған модель үшiн NEC, WEC, DEC энергетикалық шарттары орындалып, SEC шарты орындалмайды. Сондай-ақ
мәндерi үдемелi ұлғаюшы галамға сәйкес келушi ω = −1 күй теңдеуiнiң парамеметрi мен q = −1 тежелу параметрлерi
анықталған.

Түйiн сөздер: f(R) гравитациясы, Эйнштейн-Максвелл гравитациясы, g -эссенция, энергетикалық шарттар, күй
теңдеуiнiң парамеметрi, тежелу параметрi.

О.В. Разина, П.Ю. Цыба

Евразийский национальный университет им. Л.Н. Гумилева, Астана, Казахстан

Экспоненциальное решение модели f(R) гравитации с максвелловским членом и g -эссенцией

Аннотация: В данной статье рассматривается модель f(R) гравитации с максвелловским членом FµνFµν и
g -эссенцией в четырех измерениях совместно с однородной, изотропной и плоской Вселенной Фридмана-Робертсона-
Уокера. g -эссенция содержит, как частный случай, две важные модели: k -эссенцию и f -эссенцию. Для этой модели
найдена система уравнений движения, построено экспоненциальное решение, восстановлены скалярный и фермионный
потенциалы, получены и изучены энергетические условия. Эти условия накладывают очень простые и независящие от
модели ограничения на поведение плотности энергии и давления, так как не требуют определенного уравнения состояния
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вещества. Для рассматриваемой модели выполняются энергетические условия NEC, WEC, DEC и не выполняется условие
SEC. Найдены параметр уравнения состояния ω = −1 и параметр замедления q = −1 , значение которых соответствует
ускоренному расширению Вселенной.

Ключевые слова: f(R) гравитация, гравитация Эйнштейна-Максвелла, g -эссенция, энергетические условия,

уравнение состояния, параметр замедления.
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Введение

Текст введения...
Авторам не следует использовать нестандартные пакеты LaTeX (используйте их лишь в

случае крайней необходимости)

Заголовок секции

1.1 Заголовок подсекции
Окружения.

Теорема 1. ...

Лемма 1. ...

Предложение 1. ...

Определение 1. ...

Следствие 1. ...

Замечание 1. ...

Теорема 2 (Темиргалиев Н. [2]). Текст теоремы.

Д о к а з а т е л ь с т в о. Текст доказательства.

2. Формулы, таблицы, рисунки
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Y
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Таблицы, рисунки необходимо располагать после упоминания. С каждой иллюстрацией должна
следовать надпись.

3. Ссылки и библиография

Для ссылок на утверждения, формулы и т. п. можно использовать метки. Например, теорема 2,
Формула (25)
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